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PURE INFINITENESS AND IDEAL STRUCTURE OF C^-ALGEBRAS 

ASSOCIATED TO FELL BUNDLES 

BARTOSZ KOSMA KWASNIEWSKI AND WOJCIECH SZYMANSKI 


Abstract. We investigate structural properties of the reduced cross-sectional algebra C* (B) 
of a Fell bundle B over a discrete group G. Conditions allowing one to determine the ideal 
structure of C* (B) are studied. Notions of aperiodicity, paradoxicality and S-infiniteness for 
the Fell bundle B are introduced and investigated by themselves and in relation to the partial 
dynamical system dual to B. Several criteria of pure infiniteness of C* (B) are given. It is 
shown that they generalize and unify corresponding results obtained in the context of crossed 
products, by the following duos: Laca, Spielberg [34]; Jolissaint, Robertson [21]; Sierakowski, 
Rprdam [47]; Giordano, Sierakowski [18] and Ortega, Pardo [39]. 

For exact, separable Fell bundles satisfying the residual intersection property primitive 
ideal space of C* {B) is determined. The results of the paper are shown to be optimal when 
applied to graph C*-algebras. Applications to a class of Exel-Larsen crossed products are 
presented. 


1. Introduction 

Many of C*-algebras studied in literature are equipped with a natural additional structure 
which can be used to study their properties. This structure can be exhibited by a group 
co-action (or a group action if the underlying group is abelian) or more generally by a group 
grading of the C'*-algebra. It allows one to investigate the C'*-algebra by means of the as¬ 
sociated Fell bundle of subspaces determining the grading. Fell bundles over discrete groups 
proved to be a convenient framework for studying crossed products corresponding to global 
or partial group actions, and were successfully applied to diverse classes of C'*-algebras, [TB] . 
|18| . [T]. Moreover, the approach based on Fell bundles has recently gained an increased inter¬ 
est in an analysis of C'*-algebras associated to generalized graphs [7], Nica-Pimsner algebras 
[8], and Cuntz-Pimsner algebras |33], |2] associated to product systems over semigroups. We 
remark that, in contrast to most of applications in [16], [18], [1], in the latter case the core 
U^-algebra corresponding to the unit in the group, as a rule, is non-commutative. The present 
paper is devoted to investigations of the ideal structure, pure inhniteness and related features 
of the reduced cross-sectional algebras C*{B) arising from a Fell bundle B = {Bt]teG over a 
discrete group G with the unit hber Bf, being genuinely a non-commutative C'*-algebra. One 
of our primary aims is to give convenient C'*-dynamical conditions on B that lead to a coher¬ 
ent treatment unifying various approaches to pure inhniteness of crossed products by group 
actions H. BU. 1171, |18) . and that are applicable to C'*-algebras arising from semigroup 
structures. Actually, for a class of Fell bundles we consider, the C'*-algebra C*{B) has the 
ideal property, and it is known that in the presence of this property pure inhniteness [^ Def¬ 
inition 4.1] is equivalent to strong pure inhniteness [241 Dehnition 5.1]. Additionally, if C*{B) 
is separable we provide a description of the primitive spectrum of C*{B). This together with 
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known criteria for nuclearity of C*{B), cf. [T6l Proposition 25.10], form a fnll toolkit for pro¬ 
ducing and analyzing graded C^-algebras that undergo Kirchberg’s classification (up to stable 
isomorphism) via ideal system equivariant KK-theory |22j . 

In order to detect pure infiniteness of a non-simple C'*-algebra, one needs to understand 
its ideal structure. The general algebraic necessary and sufficient conditions assuring that 
the ideals in the ambient algebra are uniquely determined by their intersection with the core 
are known. These conditions are exactness and the residual intersection property. They 
were introduced in the context of crossed products in [18], then generalized to partial crossed 
products in [18] and to cross-sectional algebras in [1]. We give a metric characterisation of the 
intersection property using a notion of topological grading, and we shed light on the notion 
of exactness of a Fell bundle B = by characterising it in terms of graded and Fourier 

ideals in C*{B). 

An important dynamical condition implying the (residual) intersection property of B is 
(residual) topological freeness of a dual partial dynamical system ({T^tjtsG) {^tltsc) defined 
on the spectrum of the core B^. This result is well-known for crossed products, cf. [Tj. 
Recently, it was generalized to cross-sectional algebras of saturated Fell bundles by the authors 
of the present paper [ 23 ], and to general Fell bundles by Beatriz Abadie and Fernando Abadie 
[I]. The system ({AjteG, {h} tea) is very useful in investigation of the ideal structure of C*{B). 
In particular, it factorizes to a partial dynamical system on the primitive spectrum Prim(i?e) 
of Re, and we show that for exact, separable Fell bundles satisfying the residual intersection 
property the primitive ideal space of C*{B) can be identified with the quasi-orbit space of 
this dual action on Prim(Re)- We show below that this result applied to graph C'*-algebras 
C*{E) with their natural Z-gradings gives a new way of determining primitive ideal space of 
C*{E) for an arbitrary graph E satisfying Condition (K). The latter description was originally 
obtained in [5] by different methods. 

In general, the aforementioned dual system is not well suited for determining pure in¬ 
finiteness of C*{B), as it gives no control on positive elements. Therefore we introduce a 
concept of aperiodicity for Fell bundles, which is related to the aperiodicity condition for C*- 
correspondences introduced by Muhly and Solel in [27]. One should note that the origins of 
this notion go back to the work of Kishimoto [25] and Olesen and Pedersen [38] where the 
close relationship between this condition and properties of the Connes spectrum were revealed. 
More recently, similar aperiodicity conditions were investigated in the context of partial ac¬ 
tions by Giordano and Sierakowski in [18]. The precise relationship between aperiodicity and 
topological freeness is not clear, however we prove that, under the additional hypothesis that 
the primitive ideal space of Rg is Hausdorff, topological freeness of the partial dynamical sys¬ 
tem on Prim(Re) implies aperiodicity of B. We show that a Fell bundle associated to a graph 
E is aperiodic if and only if E satisfies Condition (L). 

Exploiting ideas of Rprdam and Sierakowski m, modulo observations made in [30], we 
prove that if a Fell bundle B is exact, residually aperiodic, and Rg has the ideal property 
or contains finitely many R-invariant ideal^, then C*{B) has the ideal property and pure in¬ 
finiteness of C* (R) is equivalent to proper infiniteness of every non-zero positive element in Rg 
(treated as an element in C*{B)). If additionally Rg has real rank zero then pure infiniteness 
of C*{B) is equivalent to proper infiniteness of every non-zero projection in Rg. One can find 
many different dynamical conditions implying proper infiniteness of every non-zero positive 
element in Rg. For instance, in the context of group action this holds for strong boundary 
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actions [3l], n-filling actions |21) . and paradoxical actions m, |18) . We note that n-filling ac¬ 
tions generalize strong boundary actions and are necessarily minimal and paradoxical actions. 
However, paradoxical actions considered in HZ], ng, are acting on totally disconnected spaces, 
while actions studied in [31], |21) do not have this restriction. The notion of a paradoxical 
set can be naturally generalized to the setting of Fell bundles, and we define H-paradoxical 
elements for an arbitrary Fell bundle B. However, we found that in general H-paradoxicality 
is hard to be checked in practice. Therefore we also introduce a weaker notion of residually 
H-infinite elements in Be- We prove that if, in addition to previously mentioned assumptions 
on H, every non-zero positive element in is Cuntz equivalent to a residually infinite element, 
then C*{B) is purely infinite. This result can be viewed as a strengthening and unification 
of all the aforementioned results, as we show that for n-filling actions considered in |21| ev¬ 
ery non-zero positive element in B^ is residually H-infinite for the corresponding Fell bundle. 
Moreover, we prove that for a graph C'*-algebra and the associated Fell bundle our conditions 
for pure infiniteness are not only sufficient but also necessary. 

Apart from already mentioned applications to partial crossed products and graph C*- 
algebras, we use the results of the present paper to study semigroup corner systems (A, G+, a, L) 
and their crossed products. These objects are important as they lie on the intersection 
of various approaches to semigroup crossed products. We explain below that ,a,L) 

can be equivalently treated as an Exel-Larsen system |35| . a semigroup of endomorphisms 
a = {at}teG+, a semigroup of retractions (transfer operators) L = {Lt}teG+, or a group inter¬ 
action V = {Vg}gsG in the spirit of [T3]. The semigroup we consider is a positive cone in 
a totally ordered abelian group G, and the maps act on an arbitrary G*-algebra A. To any 
corner system (A, G~^, a, L) we associate a Fell bundle B and define the corresponding crossed 
product A >^a,L G^ to be the cross-sectional algebra G*{B). Then we identify A G+ as a 
universal G*-algebra with respect to certain representations. Thus we see that in the unital 
case, A >ia,L G'^ coincide with the crossed product constructed, using more direct methods, 
in [3^. We also conclude that (A, G^,a,L) coincides with Exel-Larsen crossed product in¬ 
troduced in [35]. We manage to formulate in a natural way the constructions and results 
for the Fell bundle B in terms of the systems a, L and V. This gives us several completely 
new results, including description of ideal structure, the primitive ideal space of A >ioi,L G^, 
and criteria for pure infiniteness of A G+. In particular, in the case G”*" = M, our pure 
infiniteness criteria imply the result of Ortega and Pardo [39], cf. Remark 18.231 below. 

The paper is organized as follows. 

After some preliminaries, in Section 3, we discuss notions of exactness, intersection property, 
and topological freeness for a Fell bundle, recently introduced in the context of bundles in 
[1]. In particular, we give convenient characterizations of exactness fProposition 13.7p and the 
intersection property (Proposition 13.15D . 

In Section 4 we study the concept of aperiodicity for Fell bundles. We note that aperiodicity 
of a Fell bundle implies the intersection property (Corollary 14.3p and indicate its relation to 
topological freeness fProposition 14.5p . In the main result of this section f Theorem l4.1Up we 
give a characterization of pure infiniteness of the reduced cross-sectional algebra G* {B) of an 
exact, residually aperiodic Fell bundle B whose unit fiber Be has the ideal property. 

Section 5 is devoted to investigation of conditions implying proper infiniteness of elements in 
the core Be of the cross sectional G*-algebra G*{B). We introduce H-paradoxical elements and 
closely related residually H-infinite elements for a Fell bundle B. We clarify the relationship 
between these notions and other conditions of this type studied in the literature. The main 
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result of this section (Theorem I5.13P contains a criterion of pure inhniteness of the reduced 
cross-sectional algebra of a Fell bundle B, phrased in terms of S-inhnite elements. 

We describe the primitive ideal space of C*{B) in Section 6. More specihcally, the main 
result of this section (Theorem 16.Sp identihes the primitive ideal space of the reduced cross- 
sectional algebra of a separable, exact Fell bundle B satisfying the residual intersection prop¬ 
erty both with the space of ;B-primitive ideals of the trivial hber (cf. Dehnition 16.31) and with 
the quasi-orbit space associated to the partial action dual to B. 

In Section 7, we test the results of this paper against graph C'*-algebras C*{E) equipped 
with their natural grading over Z. We show that aperiodicity of the associated Fell bundle is 
equivalent to Condition (L) on the graph E. Likewise, residual aperiodicity of that bundle is 
equivalent to Condition (K) on the graph. We use our general results to get an alternative way 
of determining the primitive ideal space of C*{E) for E satisfying Condition (K) (Corollary 
17.8p . Finally, we show that our criterion of pure inhniteness is optimal in the sense that in 
the case of graph C'*-algebras it is not only sufficient but also necessary (Theorem 17.9p . 

In Section 8, we present various equivalent points of view on a semigroup corner system 
L). We associate to (A, G”*", a, L) a Fell bundle B (Proposition |8T])- This allows 
us to dehne the crossed product A as a cross sectional algebra of B fDehnition 18.7p . 

We describe A >ia,L G^ as a universal G*-algebra for certain representations of {A, G'*', a, L) 
fTheorem 18.lOp and we show it is isomorphic to Exel-Larsen crossed product 1 Corollary I8.12p . 
The main structural results on A 'xia,L sue criteria of faithfulness of representations of 
^ G~'' , description of ideal structure and primitive ideal space iTheorem I8.17p . and the 

criteria for pure inhniteness of A 'xia,L iTheorem I8.22p . 
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2. Preliminaries 

2.1. G*-algebras, positive elements and ideals. Let A be a G*-algebra. By 1 we denote 
the unit in the multiplier G*-algebra M{A). All ideals in G*-algebras are assumed to be closed 
and two-sided. All homomorphisms between G*-algebras are by dehnition *-preserving. For 
actions 'j: A x B C such as multiplications, inner products, etc., we use the notation; 

(1) 7(^5 B) = span{ 7 (a, b) : a e A,b e B}. 

The set of positive elements in a G*-algebra A is denoted by A+. In [9], Guntz introduced a 
preorder < on A^, which nowadays is called Cuntz comparison, cf., for instance, [23]. Namely, 
for any a,b s A^ we write a < b whenever there exists a sequence {xk}^^i in A with x^bxk a. 
We say two elements a,b e A"*" are Cuntz equivalent if both a < b and b < a holds. We recall, 
see P51 Dehnition 3.2], that an element a e A"*" is infinite if there is 6 e A"^\{0} such that 
a©6 ;< a©0 in the matrix algebra M 2 (A). An a e A'^\{0} is properly infinite if a©a ;< a©0. 
We have the following simple characterisations of these notions, cf. m Proposition 3.3(iv)]. 
We write to indicate that ||a — 6|| < e, for a,b e A. 

Lemma 2.1. If a e A+\{0} then 

(2) a is infinite JbeA+\{o}ye>o ^x,yeaA x*x %£ a, y*y b, x*y 0, 
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(3) a is properly infinite V£>o Jx,yeaA x*x a, y*y a, 0. 

Proof. We only show ([2]). If a is infinite, then there is 6 e y4+\{0} such that for e > 0 there is 
f s t \ 

a matrix ^ = ( 1 such that z*{a®0)z a®b. The last relation implies that s*as a, 

Pat ssg b and s*at 0. Hence putting x := and y := afl'^t we get t, ?/ e aA such that 
x*x a, y*y b and x*y 0. Now assume the condition on the right hand side of (12|) . 
Then there is 6 e H+\{0} and sequences {xn} ^ aA, {yn} ^ aA such that x*Xn a, y*yn —* b 
and x^yn —> 0. Since {xn}, {yn} ^ we can hnd and p in A with \\a^Asn — t„|| —> 0 

and ^ VriW 0. Then s*asn a, t^ap b and s^atn 0. Put Zn = 

Then z*{a © t])Zn —> a © fo, showing that a©&<a©0. □ 

We will often exploit [221 Proposition 3.14] which says that a e H+\{0} is properly inhnite 
if and only if a -I- / in H/J is either zero or inhnite for every ideal / in A. 

In view of [221 Theorem 4.16], pure inhniteness for (not necessarily simple) C'*-algebras as 
introduced in [ 22 ], can be expressed as follows: a C'*-algebra A is purely infinite if and only if 
every a e is properly inhnite. We say that a C'*-algebra A has the ideal property [40] . 

[42) . if every ideal in A is generated (as an ideal) by its projections. By [421 Proposition 2.14], 
in the presence of ideal property pure inhniteness is equivalent to strong pure inhniteness [221 
Dehnition 5.1]. 

Let H be a C'*-algebra. We denote by X{A) the set of ideals in A equipped with the Fell 
topology for which a sub-base of open sets is given by the sets of the form 

Ui := [J eI{A) : J ^ I], IeI{A). 

If A and B are two C'*-algebras, then h : X{A) —> X{B) is a homeomorphism if and only if it 
is a bijection which preserves inclusion of ideals. 

We denote by Irr(H) the set of all irreducible representations of A, and let Prim(H) := 
{ker TT : TT e Irr(H)} be the set of primitive ideals in A. Fell topology restricted to Prim(H) is the 
usual Jacobson topology. We have a one-to-one correspondence between closed sets in Prim(H) 
and ideals in A given by: hull(J) := [P e Prim(H) : P ^ 1} and / = PlpshuiK/) 

/ e X{A). For any ideal / e X{A) we have mutually inverse maps Pj P := [a e A : al ^ 1} 
and P ^ Pj ■.= P (A I that allow us to identify Prim(/) with the open set Prim(H)\hull(/): 

(4) Prim(J) = [P e Prim(H) : P $ /}. 

The above identihcation extends to hereditary subalgebras. Namely, for any hereditary C*- 
subalgebra B oi A the map P ^ P n B allows us to assume the identihcation Prim(i?) = 
[P E Prim(H) : P $ B}. 

For any tt e Irr(H) we denote by [tt] the unitary equivalence class of vr. Then [tt] —> ker vr is 
a well dehned surjection from the spectrum H := {[vr] : tt e Irr(H)} of A onto Prim(H), which 
induces Jacobson topology on A. Identihcation (]3]) lifts to the following identihcation on the 
level of spectra: 

(5) J = {[tt] e H : keryr $/}, I eX{A). 

More generally, for any hereditary C'*-subalgebra B oi A identihcation Prim(P) = [P e 
Prim(H) ■. P ^ B] lifts to the identihcation B = {[vr] e A : kervr $ B). 

We recall that / e X{A) is a prime ideal if for any pair of Ji, J 2 ^ 2i(H) with Ji n J 2 ^ I 
either Ji c / or J 2 ^ X We denote by Prime(H) the set of prime ideals in A and equip it 
with Fell topology. It is well known that Prim(H) c Prime(H) and if A is separable, then 
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actually Prim(A) = Prime(yl). Let us note that using the identification ([5]) the inclusion 
Prim(A) c Prime(A) actually means that 

JrTj = 7n J, for all /, J e X{A). 

2.2. Hilbert bimodules and induced representations. Let A and B be C*-algebras. 
Following 121 1.8], by an A-B-Hilhert bimodule we mean a linear space X which is both a 
left Hilbert H-module and right Hilbert H-module with the corresponding inner products 
: X X X — > H and (•) ')b : X X X B satisfying: 

x(y,z)B = A(x,y)z, x,y,zeX. 

Note that then X establishes a Morita-Rieffel equivalence between the ideals ^ 

and (X, X)b e We recall see Definition 3.1], that a Morita-Rieffel (or imprimi- 

tivity) H-H-bimodule is an H-H-Hilbert bimodule X such that a(X^ X) = A and (X, X)b = B. 
For the Morita-Rieffel bimodule X the formula 

I{B) 3l ^ a(XI, X> e I{A) 

defines a homeomorphism X{B) = X{A) called Rieffel correspondence |45l Proposition 3.24]. 
This correspondence restricts to the homeomorphism hx '■ Prim(H) ^ Prim(H) called Rieffel 
homeomorphism Proposition 3.3]. The latter has a lift to a homeomorphism hx '■ B ^ A 
also called Rieffel homeomorphism. 

More specifically, let X be an H-H-Hilbert bimodule and let vr : H ^ be a represen¬ 

tation. We define a Hilbert space X (S)tt to be a Hausdorff completion of the tensor product 
vector space X ® H with the semi-inner-product given by 


(xi (g)^ hi,X 2 (g)^ /l2>c = <hi, 7r«Xi, X2)A)h2)c- 


Then the formula 

X -Ind5(7r)(a)(x (S)it h) = (ax) (g)^ h, a e A, 

defines a representation X-Ind^(7r) : A called induced representation. If X is a 

Morita-Rieffel bimodule then the formula 

hx{['x]) = [X-Ind5(7r)], vr e Irr(H), 

defines the Rieffel homeomorphism hx '■ B ^ A, see Corollaries 3.32, 3.33]. In particular, 
we have hx(ker tt) = her (X-Indg(7r)) for any tt e Irr(R). 

Let X be an H-H-Hilbert bimodule. In this case, we will also call X a Hilbert bimodule over 
A. An ideal / e Z(A) is said to be X-invariant if IX = XI. For an X-invariant ideal the 
quotient space XjXI is naturally a Hilbert bimodule over Ajl. In the sequel we will need the 
following simple fact, which is probably well-known to experts, but we lack a good reference. 

Lemma 2.2. Let X be a Hilbert bimodule over a C*-algebra A and let I be an X-invariant 
ideal in A. Then for any representation n : A/I B{Ht/) we have the following unitary 
eguivalence of representations of A: 

((X/XJ) -Indvr) o q ^ X -Ind(7r o q) 

where q : A ^ A/1 is the quotient map. 
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Proof. Note that for any Xi e X and hi e 7 = 1,n, we have 


+ XI) (x)^ hi 


i=l 


2 (hi, 7l{(Xi + XI, Xj + XI)A/Al)hf) 
Li=i 


= ^ <hj,7r(g«Xj,Xj>A))hj> = II (8)(^og) hif 

2j’ = l i=l 


Accordingly, the mapping (x + XI) (x)^ h ^ x (x)^og h, x e X, h e extends by linearity 
and continnity to a unitary operator V : XjXI (x)^ X (x)^oq Unitary U intertwines 

(^{X/XI) -Indvr) o q and X -Ind(7r o q) because for any ae A, xeX,he we have 

U((A:/X/)-Ind7r)(g(a))(x + X/) ®^h = V{ax +XI) ®^h 

= ax ®T,oq h 

= X -Ind(7r o g)(a)U(x + XI) (S)w h. 


□ 


2.3. Partial actions. We recall that a partial action of a discrete group G on a C*-algebra 
A is a pair a = {{Dt]teG^ {c(t}teG), where for each t e G, at Dt-i —> Dt is an isomorphism 
between ideals of A such that 

Oe = id A and ast extends o for s, t e G. 

The second property above is equivalent to the following relations: at{Dt-i n Dg) c and 
as{at{a)) = ast{a) for a e Dt-i n Dt-ig-i, s,t e G. The triple {A,G,a) is called partial 
C*-dynamical system. There are two G*-algebras naturally associated to such systems: the 
full crossed product A G and the reduced crossed product A Xq,, G (they can be dehned 
in terms of G*-algebras associated to Fell bundles, see Example 12.51 belowh When Dt = A for 
every t e G, we talk about global actions and global G*-dynamical systems. 

Any partial action a on a commutative G*-algebra A = Go(U), where Q is a locally compact 
Hausdorff space, is given by 

(6) atif){x) := fiOt-iix)), /eGo(Ui-i), 

where Dt = Go{Dt), t e G, and {{^t}teG, {dt}teG) is a partial action of G on U. In general, 
a partial aetion of G on a topological space U is a pair 6 = {dt}teG) where Uds are 

open subsets of U and 9t : ^ ilt are homeomorphisms such that 

9e = id^ and 9st extends 9s o 9t for s,t e G. 

The triple (U,G, 0) is called partial (topological) dynamical system. In case every ilt = we 
say is a global action. 

For global actions on commutative G*-algebras, it is a part of G*-folklore, for the extended 
discussion see, for instance, |1] or |27], that simplicity of the associated reduced partial crossed 
products is equivalent to minimality and topological freeness of the dual action. This result 
was adapted to partial actions in HU. Let us recall the relevant dehnitions: 

Let 9 = ({QtjtgG, {9t}teG) be a partial action on a (not necessarily Hausdorff) topological 
space U. A subset U of U is 9-invariant if 9t{y n Ut-i) c y for every t e G (then we 
actually have 9t{V n Ut-i) = U n ilt, for Al t e G, and thus r2\U is also ^-invariant). The 
restriction 9v ■= ({f^i n UjisG) of 6* to a ^-invariant set U c is a again a 

partial dynamical system, and 9 is called minimal if there are no non-trivial closed 0-invariant 
subsets of U. The partial action 9 is topologically free if for hnite set F c G\{e} the set 
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e fij-i : 9t{x) = x} has empty interior in fig- We say, cf. [HI Page 230], jlHl Definition 
3.4], that 9 is residually topologically free if the restriction of 9 to any closed ^-invariant set is 
topologically free. 

Dynamical conditions implying pure infiniteness of reduced crossed products for global 
actions on totally disconnected spaces were introduced in m, and adapted to the case of 
partial actions in [18]. A crucial notion is that of paradoxical set, cf. [471 Definition 4.2], |18l 
Definition 4.3]; 

Definition 2.3. Let {9t}teG) be a partial action on a topological space Q. A non¬ 

empty open set D c Q is called G-paradoxical if there are open sets W,..., Vn+m and elements 
ti, ...,tn+rn ^ G, such that 

(1) ^ = = 

(2) Vi c and 9ti{Vi) c V for all i = 1, ...,n -f m, 

(3) 9t.(VtJ n 9t.(Vt.) = 0 for all i V j. 

The notion of quasi-orbit space adapted to partial actions, cf. [TH Page 5740], is defined as 
follows: 

Definition 2.4. Let ({Dgl^gG, {9g]g^c) be a partial action of a group G on a topological space 
D. We let the orbit of a point x e D to be the set 

Gx := y {6't(x)}. 

£gG 

We define the quasi-orbit 0(x) of x to be the equivalence class of x under the equivalence 
relation on D given by 

X y Gx = Gy. 

We denote by 0{Q) the quasi-orbit space Q/ ~ endowed with the quotient topology. 

2.4. Fell bundles and graded G*-algebras. Let G be a discrete group. A Fell bundle over 
G can be defined as a collection B = {Bt}teG of closed subspaces of a G*-algebra G such 
that Bf = Bt-i and BtBg ^ Bts for all s, £ e G (see da Definition 16.1] for the axiomatic 
description). These relations in particular imply that 

(7) BtBi-iBt = Bt, t e G, 

and BtBt-i is an ideal in the core G*-algebra Bg, cf. da Lemma 16.12]. Moreover, for any 
t e G, Bt is naturally a Hilbert bimodule over Bg with right and left inner products given by 
(x,y)B, ■= x*y and ■= Bf. Then {Bt, B^b, = BtBt-i. 

If H = {Bt}teG is a Fell bundle, then the direct sum Bt is naturally equipped with the 
structure of a *-algebra which admits a G*-norm. In general, there are many G*-norms on 
Bt- There is always a maximal such norm, and it satisfies the inequality 

(8) llugll ^ [I a^ j| , for all 

teG teG teG 

see [43l Lemma 1.3], [TTl Proposition 2.9], or |16l Lemma 17.8]. The completion of 0^5^' Bt in 
the maximal G*-norm is denoted by G*{B). It is called cross sectional algebra of B. It follows 
from dB Theorem 3.3] that there is also a minimal G*-norm on 0^gQ Bt satisfying ([S]) and a 
completion of 0jgQ Bt in this minimal G*-norm is naturally isomorphic to the reduced cross 
sectional algebra Gf{B), as introduced in [TTl Definition 2.3] or in [441 Definition 3.5] (both 
definitions are known to be equivalent). A Fell bundle B = {Bt}teG is said to be amenable 
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|16[ Definition 20.1] if the algebras C*{B) and C*{B) coincide; in other words, if there exists 
a unique C'*-norni on Bt satisfying (JH]). It is known that if the group G is amenable (or 
more generally ii B = {StjtsG has the approximation property, see [TBl Definition 20.4]) then 
the Fell bundle B = is automatically amenable, see [TBl Theorem 20.7]. 

Let B = {Bt}teG be a Fell bundle. Any C*-algebra B which is a closure of B^ is called 
B-graded (or simply graded). If additionally the norm in B satishes ([8]), then B is called 
topologically graded na Dehnition 19.2], [TTl Dehnition 3.4]. For any topologically S-graded 
C'*-algebra B the canonical projections 

Ft-.^Bs^Bt, teG, 

seG 

extend to contractive linear maps on B, cf. [T6l Corollary 19.6]. They are called Fourier 
coefficient operators in m page 197]. In particular, Fg : S —> Sg is a conditional expectation 
onto the core C*-algebra Be- This conditional expectation is faithful if and only if B = Gf{B), 
see m Proposition 2.12]. 

Perhaps the most signihcant example of a Fell bundle is the one coming from partial actions. 
In particular, every separable Fell bundle whose unit hber is stable arises in this way, see Il6l 
Theorem 27.11]. 

Example 2.5 (Fell bundle associated to a partial action). The Fell bundle Ba = {Bt}teG 
associated to a partial action a = ({Dtj^gG, {at}teG) on a C*-algebra A is dehned as follows: 
Bt '■= {atSt : at e Dt} is isomorphic as a Banach space to Dt (dt is just an abstract marker), 
and multiplication and star operation are given by 

(nt^t) (q-s^^s) (cit”! (nt) Us) As ) (utA) (nj) • 

In particular, cf. [TO! Proposition 16.28] the full crossed product and the reduced crossed 
product can be dehned as follows 

Ay^^G:=G*{B), A := ^^(B). 

In the sequel, we will identify Be with Dg = A, so we will write a for aA- 

2.5. Ideals in Fell bundles and graded C'*-algebras. An ideal in a Fell bundle B = 
[Bt] teG is a collection J7 = {Jt}teG, consisting of closed subspaces Jt ^ Bt, such that BgJt ^ Jst 
and JgBt c for all s,t e G, see |12l Dehnition 2.1]. Then it follows, see jT2], that J7 is self- 
adjoint in the sense that {Jt)* = Jt-^, so in particular J7 is a Fell bundle in its own right (thus 
our dehnition agrees with [T6l Dehnition 21.10]). Moreover, the family BjJ := [Bt/Jt}teG is 
equipped with a natural Fell bundle structure and as such is called guotient Fell bundle, cf. 
[I6l Dehnition 21.14]. In view of [T^ Proposition 2.2], see also |16l Proposition 21.15], we 
have the following natural exact sequence 

(9) f)-^G*{J)BL^G*{B)Bl^G*{B/J)-^f), 

which by [T^ Lemma 4.2] induces the following (not necessarily exact!) sequence 

( 10 ) ff^G*{J)A^Gf{B)^Gf{B/J)—f) 

where is injective and surjective, but in general Lr{G*{J)) c ker^^. 

Ideals in Fell bundles and graded algebras are related to each other in the following way. If 
J is an ideal in a graded C'*-algebra B = 0jg(^ Bt, then it is easy to see that 77 := {J n Bt]teG 
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is an ideal in the Fell bundle B = {Bt}teG- Moreover, by [T6l Proposition 23.1] we have the 
equivalence 

(11) J is generated as an ideal by J n i?e J = J n Bt- 

teG 

The ideals in i? = satisfying equivalent conditions in (ITT]) , are called induced [m 

Dehnition 3.10] or graded |161 Dehnition 23.2]. In the present general context we prefer the 
second name. 

In topologically graded algebras there is another important class of ideals. Recall that 
B = topologically graded if and only there are Fourier coefficient operators Ft : 

B ^ Bt ^ B, t ^ G. In this case an ideal J in R is called Fourier if 

Ft{J)^J, foralHeG, 

see [TBl Dehnition 23.8]. The following fundamental relationship between the general, graded 
and Fourier ideals in topologically graded C'*-algebras was already established in m Theorem 
3.9], see also [161 Proposition 23.4]. 

Proposition 2.6. If J is an ideal in a topologically graded C*-algebra B, then 

{beB : Fe{b%) e J} = {b e B : Ft{b) e J, teG} 

and this set is a Fourier ideal in B that contains the graded ideal generated by J r\ Be- In 
particular, if J is graded, then it is Fourier. 

For the sake of discussion let us denote the Fourier and the graded ideal in the above 
proposition respectively by Jp and Jq- Then we have two inclusions Jq J and Jq ^ Jp) 
and in general this is all we can say. More precisely, Jg £ Jp if and only if Jp is a Fourier 
ideal which is not graded. There is always such an ideal if R ^ (7* (R) (consider the kernel of 
the canonical epimorphism from R = R^ onto C'*(R)), and even if R = Gf{B) one can 

construct such an ideal when the underlying group G is not exact, see [T6l page 199]. On the 
other hand, considering the Fell bundle arising from the C'*-dynamical system (C, id, Z) for any 
non-trivial ideal J in C = C'(T) we get J r\ B^ = {0}, and therefore J Jp = Jg = {0}. 
This indicates that the equality Jq = Jp is related with a notion of ‘exactness’ while inclusion 
J ^ Jp has to do with an ‘intersection property’. We will make these notions precise and 
study them in more detail in the forthcoming section. 

3. Exactness, the intersection property and topological freeness 

In this section, we exploit notions of exactness, the intersection property and topological 
freeness for a Fell bundle B, introduced recently in [T]. As shown in [1], these properties allow 
one to parametrize ideals in Gf{B) by ideals in the core C'*-algebra Rg. The relevant ideals 
in Re are dehned as follows. 

Definition 3.1 (Dehnition 3.5 in jl]). Let B — }Bt}teG be a Fell bundle. We say that an ideal 
/ in Re is B-invariant if BtIBt-i ^ / for every teG. We denote the set of all R-invariant 
ideals in Re by X®(Re) and equip it with the Fell topology inherited from X(Re). 

The relationship between various types of ideals is explained in the following: 

Proposition 3.2. Let B = (0^^^ R^ be a graded G*-algebra. Relations 

J = A, Jt = J Bf = Btl = IBf, teG, 

teG 

establish natural bijective correspondences between the following objects: 
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(i) graded ideals J in B, 

(ii) ideals J = {Jt]teG in the Fell bundle B = {Bt]teG, 

(iii) B-invariant ideals I in the core C*-algebra B^. 

Proof. The correspondence between objects in items (i) and (ii) was in essence already dis¬ 
cussed and follows easily from (ITT]) . The correspondence between objects in items (ii) and 
(iii) is proved in [U Proposition 3.6]. □ 

Corollary 3.3. For any Fell bundle B = {Bt}teG, we have a surjective map 

( 12 ) 3j^JnB,e X^{B,), 

which becomes a homeomorphism when restricted to graded ideals in Cf{B). 

Proof. Clearly, the mapping (IT^ is well dehned and preserves inclusions. Thus the assertion 
follows from Proposition 13.21 □ 

Note that Proposition 13.21 (and injectivity of Lr in ffT 0 |) j implies that for any Fell bundle 
B = {Bg}geG and any graded ideal J in Cf{B), we have 

J = Cf{J) 

where J = {Jt}., Jt = J Bt., t e G. In particular, we get a similar isomorphism for the 
quotient Cf{B)/J provided the sequence (ITUD is exact. The following dehnition generalizes the 
notion of exactness for group (partial) actions introduced in [ISl Dehnition 1.5], |18l Dehnition 
3.1(ii)|. 

Definition 3.4 (Dehnition 3.14 in |T]). We say that a Fell bundle B = {Bg]g^Q is exact if the 
sequence flTU]) is exact for every ideal J in B. 

Remark 3.5. In view of |121 Proposition 2.2] a discrete group G is exact if and only if any 
Fell bundle over G is exact. 

Corollary 3.6. If B = {Bg}geG is an exact Fell bundle and J is a graded ideal in Cf{B), then 

Gf{B)/J ^ GfiBjJ) 
where J = {J*}, Jt = J Bt, t s G. 

Proof. Apply the correspondence between objects in (i) and (ii) in Proposition 13.21 and exact¬ 
ness of the sequence (ITU]) . □ 

We have the following characterization of exactness of Fell bundles in terms of the structure 
of Fourier ideals in Gf{B). 

Proposition 3.7. A Fell bundle B = {Bg)geG is exact if and only if every Fourier ideal in 
Gf{B) is graded. 

Proof. Let J = {Jt}teG be an ideal in B and put = ij.{Gf{J)) and = ker(Kr) where 
4 and Kr are mappings appearing in the sequence (llUp . It follows from the construction of 4 
and Kr that 

(13) = 0J^ c J(2) = {beB-. Ft{h) eJt,te G}. 

teG 

Hence is Fourier, and since J* = JtJf Jt ^ JeJt, for all teG, one concludes that is an 
induced ideal. In particular, (IT3l) implies that Jt = Jb) nBt = Ft{J^^) for alH e G, i = 1, 2. 
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Suppose now J is a Fourier ideal in C*{B). For each t e G, let Jt = J r\ Bt so that 
J = {Jt}teG is an ideal in B. Consider the ideals and associated to J = {Jt]teG as 
above. By the Fourier property of J, we conclude from flT^ that 

j(b C J C j(2). 

Thus if flTU]) is exact then J = is a graded ideal. If J is not graded then Ji ^ J 

and (IT 0 |) is not exact. □ 

Standard arguments show that exactness passes to ideals and quotients. 

Lemma 3.8. Let J be an ideal in an exact Fell bundle B. Then both J and BjJ are exact. 

Proof. If X is an ideal in J', then treating it as an ideal in B we get the exact sequence 

0 Cf(I) ^ Cf{B) ^ Cf{B/X) — 0 

which restricts to the exact sequence 

0 ^ Cf{X) ^ Cf{J) ^ Cf{J/X) — 0. 

Hence is exact. Now suppose that X is an ideal in B/ J and let X be the preimage of X under 
the quotient map. Then X is an ideal in containing JT^, and we have a natural isomorphism 
{BjJ^jX = BjX. In particular, we have a commutative diagram 

0-- Cf{X) -- Cf{B) -- C*,{BIX) -- 0 , 

0-- -- CfiBjJ) -- Cf{{BlJ)lX) -- 0 

where the upper row is exact and the two left most vertical maps are surjective (they are 
induced by the quotient map B Bj J). Using this, one readily gets that the lower row is 
also exact. Hence Bf J is exact. □ 

As one would expect, amenability of a Fell bundle implies exactness. 

Lemma 3.9. Let J be an ideal in a Fell bundle B. Then 

B is amenable ff and Bj J are amenable. 

Proof. Denote by Ag : C*{B) —> Cf{B) the canonical epimorphism. By [TTl Proposition 3.1] 
we have ker(AB) = {a e C*{B) : Es{a*a) = 0} where Es : C*{B) Be is the canonical 
conditional expectation. Note that, for any Fell bundles B and and any homomorphism 
$ : C'*(H) ^ C*{B') that preserves the gradings we have <F(i?B(a*a)) = X'g/(<h(a)*<F(a)), 
a e C*{B), and therefore <h(ker(Ae)) c ker(Ag/). Thus the exact sequence ([9]) restricts to the 
sequence 

(14) 0 —> ker(Aj) ker(AB) kei{EB/j) —^ 0. 

It is not hard to see that o is also exact. Indeed, i is injective and clearly we have 
t(ker(Aj')) = ker(Ae) n i{C*{J)). Hence the isomorphism C*{B)/i{C*{J)) ^ C*{BIJ)., in¬ 
duced by the epimorphism k : C*(B) —>■ C*(BIX)), ‘restricts’ to the isomorphism ker(Ag)/t(ker(Aj)) 
ker(Ae/j). Thus ffTT|) is exact. 

Now, since B is amenable if and only if ker(A 0 ) = {0}, the assertion follows from exactness 
of the sequence ffTTj) . □ 

Corollary 3.10. Every amenable Fell bundle is exact. 
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Proof. In view of Lemma [3.91 if B is amenable, the sequences ([9]) and fiTOj) coincide. □ 

The notion of (residual) intersection property, in the context of crossed products was intro¬ 
duced in [IHl Dehnition 1.9], see also |181 Dehnition 3.1(iii)]. 

Definition 3.11 (Dehnition 3.14 in Cl)- We say that a Fell bundle B — has the 

intersection property if every non-zero ideal in Cf{B) has a non-zero intersection with B^. 
We say that a Fell bundle B = {Bt]teG has the residual intersection property if Bj J has the 
intersection property for every ideal J in B. 

The following theorem is essence reformulation of [H Theorem 3.19]. It is a generalization 
of [m Theorem 3.2], cf. also [HI Theorem 1.13]. 

Theorem 3.12. Let B = {StjtsG be a Fell bundle. The following statements are equivalent: 

(i) The map flT^ establishes a homeomorphism X{Cf {B)) = I^{Bffj. 

(ii) All ideals in Cf{B) are graded. 

(hi) B is exact and has the residual intersection property. 

Proof. Equivalence (i)<^^(ii) is clear. Equivalence (i)<^^(iii) follows from jT] Theorem 3.19] 
(note that for every ideal ff e I^{Be) the C'*-algebra Cf{J) embeds into Cf{B) as a graded 
ideal). □ 

Corollary 3.13. Let B = {Bt]t^G be a Fell bundle with the intersection property. Then Cf{B) 
is simple if and only if there are no non-trivial B-invariant ideals in B^.. 

Proof. The ‘only if’ part is clear. For the ‘if’ part note that if there are no non-trivial B- 
invariant ideals in B^, then B is trivially an exact Fell bundle. Thus it suffices to apply 
Theorem 13.121 □ 

Corollary 3.14. Let B = {Bt}teG be an exact Fell bundle with the residual intersection 
property. If B^ has the ideal property then Cf [B) has the ideal property. 

Proof. By Theorem 13.121 every ideal J e X{Cf{B)) is generated by / = i?e c J. Denoting by 
P{J) and P{I) respectively the sets of projections in J and /, we see that the ideal generated 
by P{J) in Cf{B) contains 

Cf{B)P{I)Cf{B) = Cf{B)B,P{I)B^Cf{B) = Cf{B)ICf{B) = J. 

Hence Cf{B)P{J)Cf{B) = J, which shows the ideal property for Cf{B). □ 

We have the following characterization of the intersection property in terms of graded C*- 
algebras. 

Proposition 3.15. Let B = {Bt}teG be a Fell bundle. The following conditions are equivalent: 

(i) B has the intersection property, 

(ii) every graded C-algebra B = is automatically topologically graded, 

(iii) for every graded B = Bt and any positive element b = ®teGbt in 

have 

ll^ell ^ II^IIb- 

Proof, (i)^(ii) Suppose B = has the intersection property and B = 0^^^, is a 

graded C*-algebra. We have two surjective homomorphisms T : C*{B) B and Ag : 
C*{B) —> Cf{B) which are identities on 0^^^!?^. The image of J := kerT under Ag is 
an ideal in Cf{B) whose intersection with B^ is zero. Thus (by the intersection property) 
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J c kerAg. Therefore Ag factors through to the epimorphism $ from B, identified with 
C{B)IJ, onto C*{B) which is injective on Since C*{B) is topologically graded it 

follows that B = Bt is topologically graded. Indeed, if 6 = ®teGbt is in 

then ||6e|| = ||‘f’(^e)|| ^ ^ ll^ll- 

(ii)^(iii) is trivial. To show (iii)^(i), assume on the contrary that there is a non-zero 
ideal J in C*{B) such that J Ci Be = {0}. Then J has trivial intersection with all the spaces 
Bt, t e G. Hence B := C*{B)IJ is graded by the Fell bundle {Bt}teG and the quotient 
map q : C*(B) B = C*{B)jJ is injective on Since the conditional expectation 

E : C*{B) Be is faithful and J ^ {0}, there is a positive element a e J with ||F'(a)|| = 1. As 
0jg(^ Bt is a dense *-algebra in C*{B), we may find a positive element b = ®teGbt in 0teG 
such that ||a — &||c*(r) < 1/3- Then \\be — i?(a)||G*(B) = \\E{b — a)||c*(B) < 1/3, which implies 
||6e|| > 2/3, and ||q'(&)||B = \\q{b — ajls < 1/3. Thus if we assume (iii), we get 

2/3 < \\be\\ = \\qibe)\\ ^ ||<?(&)||b < 1/3, 

a contradiction. □ 

A useful condition that implies the intersection property is topological freeness of a dual 
system. A dynamical system dual to a saturated Fell bundle was considered in |33l Corollary 
6.5] (it is a special case of a dual semigroup associated to a product system in j33l Definition 
4.8]. A partial dynamical system dual to a semi-saturated Fell bundle over Z was studied in 
|27j . A partial dynamical system dual to an arbitrary Fell bundle over a discrete group was 
defined in [H Definition 2.3]. Let us now recall the relevant constructions and facts. 

Let B = {Bt}teG be a Fell bundle over a discrete group G, and put 

(15) Dt := BtBt-i for all t e G. 

Then Dt is an ideal in Be and we may treat Bt as a Morita-Rieffel Dj-Dt-i-bimodule. Thus 
we get a partial homeomorphism ht : ^ Dt of Hg, where 

(16) ht := [i?t-Ind^j~^] for all t e G. 

Recall that ht is a lift of a partial homeomorphism ht : Prim(Dt-i) ^ Prim(D 4 ) of Prim(i?e), 
and the latter is a restriction of the Rieffel homeomorphism ht : X{Dt-i) I{Dt), which in 
this case is given by the formula 

(17) X(A-i) 3 / ^ ht{I) = BtIBt-i e I{Dt), 
cf. also j23 Remark 2.3]. 

Proposition 3.16. Formulas fll5p and fll6p define a partial action {{Dt}tsGi{ht}teG) of G on 
Be- It is a lift of a partial action ({Prim(Di)}igG 5 {ht}teG) of G on Prim(i?e)- 

Proof. The first part follows from [U Proposition 2.2]. Now, since the maps ht : D^-i —> Dt and 
ht : Prim(Dj-i) ^ Prim(Di) are intertwined by the surjection Be 3 [tt] ^ kervr e Prim(i?e), 
one readily concludes that ({Prim(Dt)}tgG, {ht]teG) is also a partial action. □ 

Remark 3.17. If B is the Fell bundle of a partial action a = {{Dt]teGi {(^t}teG) on a G*- 
algebra A then the ideals Dt, t e G, coincide with those given by ([T5]). Modifying slightly the 
proof of |33l Lemma 6.7] or |261 Proposition 2.18], see also the proof of Lemma 18.131 below, 
one sees that the dual partial dynamical system {{Dg}geG, {hg}geG) is given by the formula 

^i(M) = [vr o at-i], [tt] e A-P t e G. 
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The Rieffel homeomorphism is given by ht{I) = at{I) e for I e In particular, 

if A = C'o(f^) is commutative and {{f^g}geG, {^g}geG) is the system that determines a by ([6]), 
then ({hlglgsG) {^glgsc) can be identified with {{Dg}gsc, {hg}gEG), cf. [H Subsection 4.1], 

Definition 3.18. We call both of the systems ({-DtjteG) {ht}teG) and ({Prim(Dt)}igG 5 
described above partial dynamical systems dual to the Fell bundle B. 

Remark 3.19. The authors of |T] consider only the system {{Dt]tEG) {ht]teG) and call it, [H 
Definition 2.3], the partial action associated to B. 

The following theorem can be proved by a straightforward adaptation of the argument 
leading to the main result of |27]. In a slightly different way, it was proved in [1]. 

Theorem 3.20 (Corollary 3.4.(ii) in |T|). If the partial dynamical system ({DgjgsG) 
dual to a Fell bundle B is topologically free, then B has the intersection property. 

Remark 3.21. In view of Remark 13.171 and Proposition 13.151 the above theorem is a gen¬ 
eralization of similar results obtained earlier for saturated Fell bundles [3^ Corollary 6.5(i)], 
classical crossed products jH Theorem 1], partial crossed products [331 Theorem 2.4] and semi¬ 
group crossed products of corner endomorphisms [^ Theorem 6.5], cf. Section [HI Actually, 
Theorem 13.201 is much stronger than the last mentioned two results which concern topological 
freeness of the system {{PYim{Dg)}gsG, {hg}g£G)- Clearly, the latter implies topological free¬ 
ness of {{Dg}gf=G, {hg}geG), buf fhe converse fails drastically already for the Cuntz algebra On, 
cf. example after [26l Proposition 3.16], or Proposition 17.31 below. 

In order to get a description of all ideals in Cf{B), we need the following lemma. 

Lemma 3.22. If I is an ideal in then the following conditions are eguivalent: 

(i) I is B-invariant, 

(ii) I Bf. is invariant under the partial action {{Dt}teG, {ht}teG) dual to B, 

(hi) hull(J) is invariant under the partial action ({Prim(D 4 )}tgG) {^tjtsG)- 

Proof. The equivalence (i)<^(ii) was proved in [1], Proposition 3.10]. Since I is invariant if and 
only if its complement Be\I is invariant and {{Dt}teG, {ht}teG) is a lift of ({Prim(Di)}igG! {ht}teG), 
we conclude that hull(/) = {kervr : [tt] e Bf\I} is invariant if and only if / is invariant. Hence 
(ii)<?»(iii). □ 

Corollary 3.23. Suppose that the partial dynamical system {{Dt}teG, {ht}teG) dual to B is 
residually topologically free. Then B has the residual intersection property. In particular, 

(i) if B is exact then J ^ J r\ B^ is a lattice isomorphism from X{Cf{B)) onto the set of 
all open invariant subsets in B^.. 

(ii) Cf{B) is simple if and only if ({Dtj^gG, {ht}teG) is minimal (and then B is exact). 

Proof. Let be an ideal in B. Let t e G and treat R as a Hilbert biniodule over B^. 

By Proposition 13.21 we see that / := Je is a R-invariant ideal and Bt/Jt = Bt/Btl is the 
quotient Hilbert bimodule. By Lemma 13.221 the closed set Y := A\I is invariant under 
({AlteG, {ht}teG)- Using Lemma 13^ we conclude that the restricted partial dynamical system 
{{Dgr^Y}g,G,{hg\ vIssg) can be naturally identified with the partial dynamical system dual 
to the quotient bundle B)J. Thus by Theorem 13.201 Bf J has the intersection property. 
Accordingly, B has the residual intersection property. Now, part (i) follows from Theorem 
13.121 and Lemma 13.221 Part (ii) is a consequence of Corollary 13.131 □ 
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Remark 3.24. Items (i) and (ii) in Corollary 13.231 are in essence a content of the second part 
of [H Corollary 3.20] and of jU Corollary 3.12], respectively. The first part of the assertion in 
Corollary 13.231 was stated without a proof in jH Corollary 3.16]. 

4. Aperiodicity for Fell bundles and criteria of pure infiniteness 

Muhly and Solel introduced a notion of aperiodicity for C*-correspondences, m Definition 
5.1], which was in turn inspired by the results of Kishimoto, see [251 Lemma 1.1], and Olesen 
and Pedersen, see [351 Theorems 6.6 and 10.4]. In the context of partial group actions, a 
similar condition was exploited in [18]. We formulate it for Fell bundles as follows. 

Definition 4.1. A Fell bundle B = {Bg}geG is aperiodic if for each t e G'\{e}, each bt e Bt 
and every non-zero hereditary subalgebra D of Be, 

(18) inf{||a6ta|| : a e , ||a|| = 1} = 0. 

In other words, B is aperiodic if for each t e G'\{e} the Hilbert Rg-bimodule Bt is aperiodic 
in the sense of m Definition 5.1]. In particular, reinterpreting [371 Lemma 5.2] we get the 
following lemma. 

Lemma 4.2. Let B = be a Fell bundle and B = Rg a B-graded C*-algebra. 

The Fell bundle B is aperiodic if and only if for every element b = ©ggc^g in @geG^ 9 > niith 
be > 0, and every e > 0 there exists a in the hereditary subalgebra beBebe of Be, with a ^ 0 
and ||a|| = 1, such that 

||a6ea — aha\B < ||o^efl|| > ll^ell “ 

Proof. By Lemma 5.2 of Ea, or more precisely very straightforward generalization of its proof, 
B = {Bg}gf=G is aperiodic if and only if for every element b = ©ggc^g in 0ggG with be > 0, 
and every e > 0 there is a e beBebe, with a ^ 0 and ||a|| = 1, such that 
||a5en|| > ll^ell ~ e nnd ||af)ta|| < e for f e G\{e}. 

The assertion follows from the above if one puts e = ejn where n is the number of elements 
in the set {t e G : bt 0} (if n = 0 the assertion is trivial). □ 

Corollary 4.3. If the Fell bundle B is aperiodic then it has the intersection property. 

Proof. By Lemma 14.21 condition (iii) in Proposition 13.151 is satisfied. □ 

Corollary 4.4. If the Fell bundle B is aperiodic then for any b e C'*(H)^\{0} there is a e 
Cf{B)+\{0} such that a<b. 

Proof. Let b e C'*(H)+\{0}. Lemma [4.21 implies that there exists a positive contraction h in 
Be such that 

\\hE{b)h - hbh\\ ^ 1/4, \\hE{b)h\\ ^ \\E{b)\\ - 1/4 = 3/4, 

where E is the conditional expectation from Cf{B) onto Be. Putting a := {hE{b)h — 1/2)+ e 
Bf we see that a A 0. We conclude that a < b, exactly as in the proof of m Lemma 3.2]. □ 

Corollary 14. 3l and Theorem jS^Ql indicate that notions of aperiodicity and topological freeness 
are closely related. The general relationship is rather mysterious, cf. Remark 14.61 below. 
Nevertheless, we have the following: 

Proposition 4.5. Suppose that the unit fiber Be in the Fell bundle B = {Rglgsc has a Haus- 
dorff primitive ideal space. If the partial action {{PTim{Dt)}teGAht}teG) dual to B is topolog¬ 
ically free then B is aperiodic. 
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Proof. Take any bt e Bt, where t e G\{e}, and any hereditary snbalgebra D of Bg. Let 
U = {x E Prim(i?e) : x $ D} be the open snbset of Prim(i?e) corresponding to D. If 
D n Df-i = {0} then DD^-i = {0} and since Bf = BtD^-i we get abta = 0 for every a e D. 
Hence we may assume that D n D^-i {0}. Then U n Prim(Di-i) is a non-empty open subset 
of Prim(i?e). By topological freeness there exists x e U n Prim(Dj-i) such that ht{x) x. 
Since Prim(He) is Hausdorff we can actually find an open set V ^ U n Prim(Dt-i) such that 
ht{V) nV = 0. 

Now we exploit the ‘C'o(X)-picture’ of B^. For each x e Prim(He) and a e Be we denote 
by a{x) the image of A in the quotient Ajx. It is a consequence of the Dauns-Hofmann 
theorem, see for instance |451 Theorem A.34], that the formula {f ■ a) = f{x)a{x) defines a 
module action of C'o(Prim(-Be)) on Be via central elements in M{Be). In particular, since D 
is hereditary, we have f ■ a e D for any a e D and / e C'o(Prim(i?e)). Using this fact, we may 
hnd an element a e D^, ||a|| = 1, such that a{x) = 0 if a: ^ U. The latter property means that 
a E Plx^u Thus we have 

kaab* e I Pi X I 6* c p ht{x) c p x. 

xGPrim(Dt) x^ht{V) 

Since htiV) and V are disjoint, we get ^ ^x^/^t(y) ^ = {0}- Therefore 

||a6tap = \\{abta){abtay\\ = \\a{btaab0a\\ = 0. 

□ 

Remark 4.6. If B is the Fell bundle associated to a partial action a = {oit}teG) ou 

a commutative C'*-algebra A, then both aperiodicity of B and topological freeness of the dual 
action are equivalent to the intersection property, see [T8l Proposition A.7]. If additionally a 
is a global action, these notions are also known to be equivalent to pointwise proper outerness 
or pointwise spectral non-triviality, see respectively [I8l Proposition A.7] and [411 Lemma 1.8]. 
For global actions on a separable (not necessarily commutative) C'*-algebra A, [381 Theorem 
6.6 and Lemma 7.1] imply that topological freeness of the dual system on A is equivalent to 
aperiodicity of the associated bundle, and also to pointwise proper outerness. In particular, 
all the aforementioned notions are closely related to the Connes spectrum and the Borcher’s 
spectrum, cf. [38], [il] . 

Before we proceed we need the following definition. 

Definition 4.7. We say that a Fell bundle B = {Bg}gf=G is residually aperiodic if BjJ is 
aperiodic for any ideal J in B. 

Corollary 4.8. If B = {RgjggG is residually aperiodic then it has the residual intersection 
property, and thus if additionally B is exact then J ^ J Be is a homeomorphism from 
X{Cf{B)) onto I‘^{Be). 

Proof. Apply Corollary 14.31 and Theorem 13.121 □ 

The following theorem is a generalization of mi Theorem 3.3], [HI Theorem 4.2], and 
m Proposition 2.46], proved respectively for crossed products by group actions, partial ac¬ 
tions, and single endomorphisms (see Section |8] below, for more information on latter crossed 
products). In order to prove it we need a lemma which is interesting in its own right. 

Lemma 4.9. Suppose that A is a purely infinite C*-algebra with finitely many ideals. Then 
A has the ideal property. 
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Proof. It suffices to prove that every ideal J in A is generated (as an ideal) by a projection. 
To this end, we hrst note that J is singly generated. Indeed, let {Jk}k=i be a family of all 
ideals in J with the property that every is singly generated. Clearly, the ideal generated 
by the ideals {Jk}'f^i is equal to J. To see that J is also singly generated, for every k, pick 
an element e A'^, that generates Jk- Put a = Xjfc=i denote by / the ideal in A 

generated by a. Clearly, I ^ J. Conversely, for any k we have < a and therefore ak ^ I 
(because ideals are hereditary C^-subalgebras). It follows that J = I = AaA is generated by 
a. This implies that J is also generated by |a| := (a*a)^/^ e Indeed, writing a = u\a\ 

where u is the partial isometry in A**, and denoting by {fix} an approximate unit in a*Aa, we 
get that ufLx is in A and ufix\a\ converges to a. Thus a e 74|a|kl and J = v4|a|A. Now, since 
A is purely inhnite, |a| is a properly inhnite element and the proof of implication (i)^(ii) in 
|421 Proposition 2.7] produces from |a| a projection p e J that generates J. □ 

Theorem 4.10. Suppose that B = {Bg}geG is an exact, residually aperiodic Fell bundle. 
Assume that either B^, has the ideal property or that Bf> contains finitely many B-invariant 
ideals. Then the following statements are equivalent: 

(i) Every non-zero positive element in B^. is properly infinite in Cf{B). 

(ii) Cf{B) is purely infinite. 

(hi) Cf{B) is purely infinite and has the ideal property. 

(iv) Every non-zero hereditary C*-subalgebra in any quotient Cf{B) contains an infinite 
projection. 

If Be is of real rank zero, then each of the above conditions is equivalent to 
(i’) Every non-zero projection in Be is properly infinite in Cf{B). 

Proof. Implications (iv)<^(iii)^(ii)^(i) are general facts, see respectively m Propositions 
2.11], |231 Proposition 4.7] and |231 Theorem 4.16]. If A is if real rank zero the equivalence 
(i)<^(i’) is ensured by [3U1 Lemma 2.44]. Thus it suffices to show that (i) implies (hi) or (iv). 
Let us then assume that every element in is properly inhnite in Cf{B). We note that, 

in view of Corollary 14.81 the equivalent conditions in Theorem 13.121 hold. 

Suppose hrst that Be has the ideal property. We will show (iv). Let J be an ideal in Cf{B) 
and H be a non-zero hereditary C'*-subalgebra in the quotient CffiB^jJ. We need to show 
that D contains an inhnite projection. By Corollary 13.61 we have Cf{B)lJ = CfiBfJ), where 
J7 = {Jt}i Jt = J Bt, t e G. Fix a non-zero positive element h in D. By Corollary 14.41 
there exists a non-zero positive element a in Bej Je such that a < b relative to CffiBj J\ Note 
that a is properly inhnite in CffiPj J} as a non-zero homomorphic image of a properly inhnite 
positive element in Cf{B), by the assumption in (i). Since Be has the ideal property we can 
hnd a projection q e Be that belongs to the ideal in Be generated by the preimage of a in 
Be but not to Je- Then g -1- Je is a non-zero projection that belongs to the ideal in Bef Je 
generated by a, whence g -f Je ;< a < 6, by [231 Proposition 3.5(ii)]. From the comment after 
[2S1 Proposition 2.6] we can hnd 2 ; e Cf{BlJ) such that q -\- Je = z*bz. With v := b^z it 
follows that v*v = q + Je, whence p := vv* = b 2 zz*b 2 is a projection in B, which is equivalent 
to g. By the assumption in (i), g and hence also p is properly inhnite. 

Suppose now that Be has hnitely many, say n, S-invariant ideals. Since they are in one- 
to-one correspondence with ideals in Cf (B) (recall Corollary 14.8j) Lemma 14.91 implies that the 
conditions (ii) and (iii) are equivalent. We will prove (ii). The proof goes by induction on n. 

Assume hrst that n = 2 so that Cf{B) is simple. Take any b e C'*(i3)+\{0}. By Corollary 
I3.6l there is a e i?+\{0} such that a < b. Then b e Cf{B)aCf{B) = Cf{B) and as a is properly 
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infinite we get b < a hy [231 Proposition 3.5]. Hence b is properly infinite as it is Cuntz 
eqnivalent to a. Thus C*{B) purely infinite. 

Now suppose that our claim holds for any k < n. Let J be any non-trivial ideal in C*{B). 
By Corollary 13.61 we have J ^ C*{J) and C*{B)/J ^ C*{B/J), where J = {Jt}, Jt = 
J Ci Bt, t E G. By Lemma [3.81 exactness passes to ideals and quotients, and clearly the same 
holds for residual aperiodicity. Thus both J' and Bj J satisfy the assumptions of the assertion 
and the corresponding unit fibers have less than n invariant ideals. Moreover, both J and 
Bj J satisfy condition (i). Indeed, for Bj J it is clear, as proper infiniteness passes to quotients, 
and for J it follows from the fact that proper infiniteness of a e Je^\{0} in C*{B) imply proper 
infiniteness of a in J, by [231 Proposition 3.3]. Concluding, by induction hypotheses, both 
J and C*{B)I J are purely infinite, and since pure infiniteness is closed under extensions [2S1 
Theorem 4.19] we get that C*{B) is purely infinite. □ 

Remark 4.11. We recall, see [421 Propositions 2.11, 2.14], that in the presence of the ideal 
property pure inhniteness of a C'*-algebra is equivalent to strong pure infiniteness, weak pure 
inhniteness, and many other notions of inhniteness appearing in the literature. Thus the list 
of equivalent conditions in Theorem 14.101 could be considerably extended. 


5. Paradoxicality, residual infiniteness and pure infiniteness 

Now, we give and study a noncommutative, algebraic version of the notion of paradoxical 
sets, cf. Dehnition 12.31 phrased in terms of Fell bundles. We also introduce a notion of 
residually H-in£nite elements, which we think is a good alternative for H-paradoxical elements. 
In particular, the former elements seem to be more convenient to work with in practice, cf. 
Remark 17.101 below. 


Definition 5.1. Let B = {Bg]g^Q be a Fell bundle and let a e R+\{0}. We say that: 

(i) a is B-paradoxical if for every e > 0 there are elements Oj e aB^., where ti e G for 
i = 1,..., n -f- m, such that 


(19) 


n 


n+m 




■-e / ,0*0*, O 

i=l i=n-\-l 


a*ai, and ||o*aj|| < 


max{?7,^, mP} 

If the elements a*, i = 1,..., n + m, above can be chosen so that 


for i ^ j. 


n n+m 

(20) a = ^a*a*= ^ a*a* and a*aj = 0 for i ¥= j, 

2=1 2=n+l 

we call a strictly B-paradoxical. 

(ii) a is B-infinite if there is 5 e B^\{0} such that for every e > 0 there are elements 
a* E aBt. where ti e G for i = 1,..., n + m, such that 


n n+m 

a%£^a*a*, 6 ^ a*a*, and 

2=1 2 =n+l 


a*aj 


< 


e 

max{+, m?] 


for i ^ j. 


We say a is strictly B-infinite if there is a non-zero positive element b e aB^a and 
elements a* e aBt^ where U e G for i = 1,..., n, such that 


n 

(21) a = ^a*a*, a*aj = Q ioi i ^ j, and = 0 for f = 1,...,n. 

2=1 
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(iii) a is residually B-infinite if for every ideal = {Jg}geG in ^ the element a + Je is either 
zero in Be/Je or it is i3/j7’-infinite. We say that a is residually strictly B-infinite if for 
every ideal JT" = {Jg}geG in the element a + Je is either zero in Bf.1 J^. or it is strictly 
i3/jj-in£nite 

Remark 5.2. If a is strictly ;B-in£nite it is ;B-infinite; take m = 1, = e and a„+i = V^. 

Moreover, if there are elements a* e aBt. where t^e G for i = 1,n + m, such that 

n n+m 

a = ^ a*ai, ^ a*aj ¥= 0 and a*aj = 0 for i ^ j, 

2=1 2=n+l 

then putting b = Sril+i® i® strictly ;B-in£nite. In particular, it follows 
that every strictly ;B-paradoxical element is strictly ;B-in£nite and actually residually strictly 
;B-in£nite. Also it is readily seen that every ;B-paradoxical element is residually i3-in£nite. 
Whether the converse holds is an open problem. 

The following Proposition 15.31 provides a motivation for this definition. It also implies that 
both paradoxicality and residual S-inhniteness can be viewed as generalizations of proper 
inhniteness. 

Proposition 5.3. Let B = -Bg be a B-graded C*-algebra and let a e R^\{0}. 

(i) If a is B-paradoxical then a is properly infinite in B. 

(ii) If a is B-infinite then a is infinite in B. 

(iii) If a is residually B-infinite then for any graded ideal J in B the image of a in B/J is 
either zero or infinite. 

Proof, (i). Let £ > 0 and choose elements Oj e aBt., ti e G, i = l,...,n + m, witnessing 
e-paradoxicality of a, that is assume (IT^ holds. Putting x = Yji=i V = Yfuflff+i 

immediately get that x,y e aB. Using that ||a*aj|| < e/max{n^,m^} for i ^ j we get 


n 


n+m 


n n+m 


< 

i,j = n+l 

i¥^3 

< 

2 = 1 ^'=21+1 


The above inequalities imply respectively that x*x a, y*y a and x*y sa^ 0. Hence a is 
properly inhnite in R bv (131). 

(ii) . Follow the above argument, where instead of ([2]) use ([2]). 

(iii) . By Proposition 13.21 graded ideals J in R are in one-to-one correspondence with ideals 

If = {Jg}geG in B. For any such pair the (J^-algebra B/J is H/J’-graded. Hence the assertion 
follows from part (ii). □ 

Corollary 5.4. Suppose thatB = {RgjggG 'Is an exact Fell bundle with the residual intersection 
property. Then any residually B-infinite a e R^\{0} is properly infinite in Gf{B). 

Proof. By Theorem 13. 12l everv ideal in Gf{B) is graded. Hence the assertion follows from |23l 
Proposition 3.14] and Proposition l5.3f iiiL □ 

Corollary 5.5. Let A be a C*-algebra and let a e A''‘\{0}. The following statements are 
equivalent 

(i) a is properly infinite in A. 

(ii) a is B-paradoxical for every Fell bundle B = {Rglgec B^ = A. 

(iii) a is residually B-infinite for every Fell bundle B = {Bg]geG with Be = A. 
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Proof, (i)^(ii). Let a e y4''‘\{0} be properly infinite. By ([3]) for any £ > 0 there are x,y e aAa 
with x*x ssg a, y*y %£ a, and x*y 0. Thus for any Fell bundle B = {Bg]g^G with = A 
condition (IT^ is satisfied with n = m = 1, p = t 2 = e and Oi = x, 02 = y. 

(ii) ^(iii). It is clear, since ;B-paradoxicality implies residual B-infiniteness. 

(iii) ^(i). Apply Corollary 15.41 to the Fell bundle B = {Bg}gsG with B^ = A and Bg = {0} 

for g e G\{e}. □ 

A set-theoretic counterpart of the notion of a ;B-infinite element is defined as follows. 

Definition 5.6. Let ({fitjtgG! {dt}teG) be a partial action on a topological space Q. An open 
set 1/ c is called G-infinite if there are open sets Vi,..., I 4 and elements fi,..., e G, n ^ 1, 
such that 

(1) ^ = ULl _ 

(2) Vi c for alH = 1,..., n and dtfiVi) c V, 

(3) 0tAK) ^ = 0 for all i V j. 

Non-empty open set C c Q is called residually G-infinite if for every closed invariant subset 
y c Q the set VnY is either empty or G-infinite for the partial action {{i}t<^Y}teG, |oj_inyItec)- 

Remark 5.7. Clearly, for strong boundary actions of discrete groups on compact spaces 
considered by Laca and Spielberg in [31] every open set is residually G-infinite (note that 
strong boundary actions are necessarily minimal). Actually, we will show below a much more 
general fact. We will prove that for any n-filling action, notion introduced in [21], on a 
unital G*-algebra A without finite-dimensional corners, every element in A'''\{0} is residually 
;B-infinite, for the corresponding Fell bundle B. 

The following two propositions shed more light on the relationship between Definitions 12.31 
and 15.11 


Proposition 5.8. Let B = be the Fell bundle of a partial action a on Go(D) which 

is induced by a partial action ({Dgl^gc, j^glggc) of G on a locally compact Hausdorjf space D, 
see dll). Let a e Bf = Go(D)’*' be a non-zero element and put V := {x e D : a{x) > 0}. 

(i) V is G-paradoxical if and only if a is strictly B-paradoxical. 

(ii) V is G-infinite if and only if a is strictly B-infinite. 


Proof. ‘Only if’ parts. Let Vi,..., I 4 be open sets and G,..., e G be such that V = ULl 
Vi c and OtfiV) ^ V for all i = 1, ...,n, and OtfiVtf) = 0 for all i V j. Let 

be a partition of unity for V relative to the open cover Let i be fixed for a while. Since 

ahi s Go(D) is supported on V) c Q 1 we can treat (ahi) o A~i as a continuous function on D 
supported on OtfiVi) c V. By definition of V we actually get (ahi) o 6.~i e aGo(D). Hence 

Oi := Oahi) o e^-i ] G, 
is an element of a* e aBt., and we claim that 


( 22 ) 


a = 


L 

i=l 


a* Oi 


and 


a* a i 


= 0 for i V j. 


Indeed, for any i,j we have a*aj = ( {ahi) o A-i ■ {ahO o 6.-1 ] o 0^. h.-i.,. For i A j the 

functions hi o 9fi} and hj o are supported on disjoint sets OtfiVtf) and OtfiVtfi. Hence 
a*aj = 0. On the other hand, a*aj = ahi and consequently Xir=i ^ Yji=i 
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Now, if Ur=i^ii(^) ^ ^ G-infinite, then taking b e to be any non-zero 

positive function supported on the non-empty open set f^\Ur=i (^) infer that a is strictly 
;B-inhnite. 

If K+I, K+m are open sets and 4 +i, ...,tn+m e G are such that V = Vi, V c 

and 9ti{Vi) c f/ for all z = n -f- -1- m, and n 9tj{Vt^) = 0 for all i ¥= j, 

i,j = 1 , ...,n + m, then constructing elements a* e aBt^ for i = n + 1, ...,n + m exactly as 
we did for i = 1, ...,n we get relations (120|) . Hence if V is G-paradoxical, then a is strictly 
H-paradoxical. 

‘If’ parts. Let ai e aBt^, L e G, z = 1,n, be such that (12^ holds. For any z = I,n we 
have ai = biSt^ where 6 , e aDt. = Go(Hi. n V). We put 

fo := {x e : a^ai^x) > 0} = {x e kl : \bi\'^{6t^{x)) ^ 0} = 0f^^{{x e H : bi{x) ^ 0}). 

Thus Vi is an open subset of and Ot.iVi) c V. Moreover, 

n n 

fo = {x e : a*a{x) > 0} = {x e k2 : a*ai(x) > 0} = [ Jfo, 

and 

(a'aj-o) « (tA-o) ^ (A(K)r>A(K) = 0). 

Using this one readily sees that if a is strictly H-paradoxical then V is G-paradoxical. More¬ 
over, if there is a non-zero positive b e aB^a such that a*b = 0 for z = l,...,rz, then 
W := {x e k2 : b{x) > 0} is a non-empty open subset of V and 

(a*6 = o) « (m-o) ^ (^,AV,,)r.W = 0'). 

Hence c V and V is G-inhnite. □ 

It is not clear whether a version of the following proposition for residually inhnite elements 
hold. 

Proposition 5.9. Retain the assumptions of Proposition \5.t^ If kl is totally disconnected 
and every open compact subset of kl is G-paradoxical, then every element in Hg^\{0} is B- 
paradoxical. 

Proof. Let a e Go(k2)+\{0} = Bf\{0}. For any e > 0 there exists an open compact set V such 
that 

{x e kl : a(x) ^ e} c U c e kl : a(x) > 0 }. 

Let ay e Go(kl) denote the function such that ay(x) = a(x) for x e U and av{x) = 0 outside 
V. Using paradoxicality of V, by Proposition 15.81 there are elements a* e ayBt^ c aBt^, U e G, 
i = 1 ,..., Tz -f m, such that ay = SLi Vtca and a*aj = 0 for z 7 ^ j. 

Since ay a we see that relations (IT^ hold. □ 

We now turn to the promised relationship between residual H-in£niteness and n-hlling 
actions introduced by Jolissaint and Robertson |21) . 

Definition 5.10 (Definition 0.1 in [21]). A global action a = {A,{at}teG) on a unital G*- 
algebra A is called rz-hlling, for n ^ 2 , if, for all elements bi,..., bn e A~^ of norm one, and for 
all £ > 0, there exist fo, ...,(?„ ^ G such that ^ 1 ^ 

Remark 5.11. A 2-filling action on a commutative G*-algebra is equivalent to what is called 
a strong boundary action in [3l], see | 21 j . 
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Lemma 5.12. Suppose that a is an n-filling action on a unital C*-algebra A such that for 
every nonzero projection e e A the algebra e^e is infinite dimensional. Let B be the Fell 
bundle corresponding to a. Then the action a is minimal and any element a e y4'*’\{0} is 
strictly (residually) B-infinite. 

Proof. That a does not admit non-trivial invariant ideals is clear. Let a e y4'*’\{0} and 0 < 
£ < 1 be smaller than 1. We may snppose that ||a|| = 1. Arguing in a similar way as in the 
proof of Lemma 1.4], we see that there are normalized positive elements bi,..., bn+i e aA 
such that bibj = 0 for i ^ j. By n-£lling property, there are elements gi, ...,gn ^ G such that 
h := ^ 1 — Hence h is positive and invertible. Put 

ai \= ^/hia -l{^/a)ug^, z = l,...,n, and h\=hn + l. 

Then clearly afaj = 0 for i j and a*b = 0 for all i,j = 1, ...,n. Moreover, 

n n 

^ a*ai = ^ = ^/aVh^hVh^^/a = a. 

i=l 

Hence a e A'''\{0} is strictly H-in£nite, and as a is minimal, actually strictly residually B- 
inhnite. □ 

We state the main result of this section using the notion of residual H-inhniteness. As noted 
above this is a weaker condition than dynamical conditions implying pure inhniteness that 
appear in [34], |2l], [47] or [T8] . 

Theorem 5.13. Suppose that B = {Bg]geG is an exact, residually aperiodic Fell bundle and 
one of the following conditions holds 

(i) Be contains finitely many B-invariant ideals and every element in H+\{0} is Cuntz 
eguivalent to a residually B-infinite element, 

(ii) Be has the ideal property and every element in i?+\{0} is Cuntz eguivalent to a resid¬ 
ually B-infinite element, 

(iii) Be is of real rank zero and every non-zero projection in Be is Cuntz equivalent to a 
residually B-infinite element. 

Then Cf{B) has an ideal property and is purely infinite. 

Proof. Note that in each of the cases (i)-(iii) Theorem 14.101 applies. By Corollary 15.41 ev¬ 
ery residually H-inhnite element in i?+\{0} is properly inhnite in Cf{B). Since an element 
equivalent to a properly inhnite one is properly inhnite, the assertion holds. □ 

As a consequence of Theorem 15.131 we get the following strengthening and unihcation of the 
following results |34[ Theorem 5], |21[ Theorem 1.2](in the commutative case), [471 Corollary 
4.4] and [TSl Theorem 4.4]. 

Corollary 5.14. Suppose that a is an exact partial action on (70(11) induced by residually 
topologically free partial action {6g}geG) of G on a locally compact space VL. Assume 

that one of the following conditions holds 

(i) Q contains finitely many 9-invariant closed sets and and every non-empty open set is 
residually G-infinite, 

(ii) Q, is totally disconnected space and every non-empty compact and open set is residually 
G-infinite. 

Then A x^ ,. (7 has the ideal property and is purely infinite. 
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Proof. Apply Theorem 15.131 and Proposition 15.8^ 11) . □ 

In connection with the Theorem 15.131 it is useful to make the following observation. 

Lemma 5.15. A sum of orthogonal (residually) strictly B-infinite elements is (residually) 
strictly B-infinite. Any projection in Be which is Murray-von Neumann equivalent to a (resid¬ 
ually) strictly B-infinite projection in Be is (residually) strictly B-infinite. 

Proof. Suppose that are strictly ;B-in£nite elements and = 0. For each j = 1, 2, 

let e Bea^^\{0} and e U s G, i = be elements satisfying the 

counterpart of (1^ . Putting a = ^ = I]j=i •= ^ and 

(2) 

Oni+i '■= a] for i = 1, ...,n 2 we see that b e aBeO and Oi e aBt^ for i = 1, ...,n := ni + n 2 
satisfy (1211) . Hence a is strictly H-infinite. Since for any quotient map q, q{a) = 0 if and 
only if = 0, we see that if are residually strictly H-infinite then a is 

residually strictly H-infinite. 

Suppose that p = w*w and p' = ww* are projections in Be, w e Be, and let b e {pBep)\{0} 
and Oj e pBti, ti ^ G, i = ^, ■■■,n, satisfy ([21]), with p in place of a. Putting b' := wbw* and 
a[ := wOiW*, i = 1, ■■■,n we get b' e (p'i?ep')\{0} and a' e p'Bt^ such that p' = 2r=i(®i)*®n 
(a')*a' = 0 for i 7 ^ j, and {a'f)*b' = 0 for z = 1, ...,n. Hence p' is strictly H-in£nite. Since for 
any quotient map q, q{p) = 0 if and only if q{p') = 0, it follows that p is residually strictly 
H-in£nite if and only if p' is residually strictly H-in£nite. □ 

6. Primitive ideal space of the reduced cross-sectional algebra 

In this section, we describe the space of prime ideals in Cf{B), which in the separable case 
will lead us to a description of the primitive spectrum of Cf{B), via a quasi-orbit space for 
the dual partial action introduced in Dehnition 13.181 

Throughout we £x a Fell bundle B = {Bt}teG- The following notions and results are gener¬ 
alizations of classical facts for crossed products [19], see also [TO] . 

Definition 6.1. We say that a H-invariant ideal / e I^{Be) is B-prime if for any pair of 
H-invariant ideals Ji, J 2 ^ dl^{Be) with Ji n J 2 ^ T we have either Ji c / or J 2 c /. We equip 
the set of H-prime ideals with Fell topology and denote it by Prime^(i?e). 

We get the following generalization of m Proposition 2.3]. 

Proposition 6.2. Let B be an exact Fell bundle. Suppose that B has the residual intersection 
property, which holds for instance if one of the following conditions is satisfied: 

(i) the system {{Dg}geG, {hg}geG) dual to B is residually topologically free, 

(ii) B is residually aperiodic. 

Then the map X{Cf{B)) 3 J ^ J n Be ^ X®(i?e) restricts to a homeomorphism 

Prime(C'*(H)) = Prime^(He). 

Proof. By Theorem 13.121 see also Corollaries 13.231 and 14.81 the map X{Cf{B)) 9 J ^ J n 
Be e X^{Be) is a homeomorphism. It restricts to a homeomorphism from Prime(C'*(H)) onto 
Prime® (He). □ 

For any ideal J e X{Be) we have a natural continuous embedding of X{J) in X{Be) given by 

X(J) 3l>—> Ij := {as Be: a- J ^ 1} € X{Be). 

This map has a left inverse given by X{Be) 3 K 1 —> I := K Ci J e X(J). Note that we 
use the mapping Prim(Hj) 3 P 1 —>■ P^^ e Prim(He) to identify the space Prim(Zlj) with an 
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open subset of Prim(i?e), t e G. Thus formally, the dual partial action on Prim(i?e), given 
by restriction of the Rieffel homeomorphism (IT7l) . should be defined by ht{PD^-i) '■= ht{P)Dt 
where P e Prim(Zi)t-i), t e G. 

Definition 6.3. For any P e Prim(i?e) we put 

Pb '■= (~^ht{P n Dt-i)Dt = ^ -^e : fl-Dt ^ BtPBt-^} 

teG teG 

and call it a B-primitive ideal in Rg. We denote the space of ;B-primitive ideals by 

Prim®(i?e) := {Pb ’■ P ^ Prim(i?e)} 
and endow it with the Fell-topology inherited from X{Be). 


Lemma 6.4. For any P e Prim(Re), Pb is the largest B-invariant ideal contained in P. 


Proof. Let GP : = 

PePrim(Dj. be the orbit of P e Prim(i?e) under the partial 

action ({Prim(i4i)}igG', {ht}teG)- Since = A we see that 


(23) 


PB = P\hdPr.D^-.)o,- n h,(PnD,-,)o,- f] Q. 

teG teG QeGP 


Thus 

BtFeBt^i = ht{PB r. Dt-i) ^ P| ht{Q n Dt-i) ^ P| Q = Pb, 

QeGP QeGP 

where in the last inclusion we used the fact that hts extends ht o hg (as elements of the partial 
action on Prim(Pe))- Hence Pb is H-invariant and clearly Pb c P. Now suppose that / is 
H-invariant ideal contained in P. Then 


IDf — DtIDt — BtB^-iIBtB^~i c BtIBi-i c BiPB^-i, t e G. 


Thus / c Pg. □ 

Lemma 6.5. The mapping Prim(Pe) 3 P i—> Pb e Prim^(Pe) is continuous and open. 


Proof. Let J be an ideal in Be. Since intersection of P-invariant ideals is a P-invariant ideal, 
there exists the smallest P-invariant ideal in Be containing J. We denote it by J®. Using 
Lemma [6.41 twice we get 

(24) Pb^J ^ Pb^J^ ^ P^J^, 

for any P e Prim(Pe)- Thus any open set U c Prim®(Pe) is of the form 

(25) U = {Pb: Pb^ J, P^ Prim(Pg)} = {P^ ; P $ j"", P e Prim(Pg)}, 

where J e X{Be). It follows that the map P i—> Pb is continuous. To verify openness, 
choose an open set U = {P e Prim(Pe) : P $ J}, J ^ 2i(Pe), and let U = {Pb : Pb $ 
J, P E Prim(Pe)}. Clearly, if P e U then Pb e U. On the other hand, if Pg e P then 
ht{P n Dt-i)Dt $ J for a certain t e G such that P $ D^-i. Since ht{P n Df-i)D^ e V and 
Pb = {ht{P n D^-i)d^)b, cf. (12^ . it follows that the image of V is equal to U. 

□ 


We can use the above lemma to identify the space Prim®(Pe) with the quasi-orbit space for 
the partial action ({Prim(Pg)}ggG, {hg}geG) on Prim(Pe) dual to B. 
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Lemma 6.6. Let 0{Piiva.{Be)) he the quasi-orbit space associated to the partial action ({Prim(Di)}tgG'j 
{ht}teG) of G on Prim(i?e), cf. Proposition AS. 1 61 Then the map 

(26) C>(Prim(i?e)) 3 0{P) '—> Ps e Prim®(i?e), P e Prim(i?e), 

is a homeomorphism. In particular, the closure of a point in 0(Phm Be) is given by 

JO{P)} = {0{Q) : Q 3 Ps}. 

Proof. Let P,Q ^ Prim(i?e). By ([23]), we get GP = {K e Prim(i?e) : K ^ Pg}. Therefore 

GP = GQ Ps = Qs. 

Thus (|26|) is a well-dehned bijection, and we see that the quasi-orbit space (P(Prim(Pe)) niay 
be identihed with the quotient space Prim(i?e)/ ~ arising from the open continuous map 
Prim(Pe) 3 P I—> Ps e Prim^(Pe )5 see Lemma 1631 Hence (j26l) is a homeomorphism. For the 
last part of the assertion, note that the closure of {Ps} in Prim^(i?e) is [Qs ■ Qb — Pb}- D 

Lemma 6.7. Let B = {Bt}teG be a Fell bundle with Be separable. Then 

Prime^(i3e) = Prim®(i?e) = 0{PT\m{Be)), 
where 0(Pnm{Be)) is the quasi-orbit space for ({Prim(Pt)}tgG; {ht}teG). 

Proof. Since Be is separable we have Prim(i?e) = Prime(Pe)- Let P e Prim(Pe)- If Ji: J 2 ^ 

X^{Be) are such that Ji n J 2 c then Ji n J 2 c p^ and hence Ji P for some i e {1, 2}. 

But then Jj c Pg by Lemma [6.41 Hence Pg is P-prime. 

Conversely, let / e Prime^(Pe)- We need to show that there is a P e Prim(Pe) with I = Ps. 

For this it suffices to show that hull(/) = [Q e Prim(Pe) : Q P /} coincides with the closure 
GP = [Q E Prim(Pe) : Q P Pb} of the orbit of some P e Prim(Pe)- To this end, note that 
hull(/) is closed and invariant, cf. Lemma 13.221 Thus P e hull(/) implies GP c hull(/). 
Accordingly, the equality GP = hull(/) is satished if and only if the set 

C := {0{Q) : Q E hull(/)} 

is equal to the closure {0{Q) : Q 3 Pg} of the point 0{P) in (P(Prim(Pe))- It is known 
that Prim(Pe) is a totally Baire space and that an image of a totally Baire space under an 
open map is a totally Baire space, cf. discussion preceding [T^ Lemma on page 222]. Thus 
Ci(Prim(Pe)) is a totally Baire space by Lemma [6.51 Also it is second countable because Be 
is separable. Thus, by virtue of m Lemma on page 222], to conclude that GP = hull(/) 
it suffices to show that G is not a union of two proper closed subsets. So assume that Gi, 

G 2 are closed subsets of Ci(Prim(Pe)) with G = Ci vj G^. Let Pi, P 2 denote their inverse 
images in Prim(Pe) and let Ji := PlgsE Q i = 1,2. Then hull(/) = Pi u P 2 which implies 
Ji n J 2 = I. Since I is P-prime we have Ji ^ I for some i e {1,2}. This implies that 
Pj = hull(Jj) = [Q E Prim(Pe) : Q P Ji} contains hull(J), and this completes the proof. □ 

We recall [T6| Dehnition 27.5] that a Fell bundle P = {Bt}teG is separable if G is countable 
and each space Bt, t e G, is separable. Of course, P is separable if and only if Gf{B) (or any 
other P-graded C^-algebra) is separable. The following result can be viewed as a generalization 
of |ini Corollaries 2.6 and 2.7] and [T8l Corollary 3.8] proved respectively for global actions 
on C'*-algebras and for partial actions on topological spaces. 

Theorem 6.8. Retain the assumptions of Proposition (67^ and additionally suppose that B is 
separable. Then we have natural homeomorphisms 

Prim(C'*(P)) = Prime®(Pe) = Prim^(Pe) = 0{Piim.Be). 
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Proof. Since B is separable, Cf{B) is separable and Prim(C'*(;B)) = Prime(C*(;B)). Now it 
suffices to combine Proposition 16.21 and Lemmas 16.61 and 16.71 □ 

It is natural to treat the space Prim^(i?e) (or equivalently C?(Primi?e), see Lemma l6.6p 
as a ‘primitive spectrum’ of the Fell bundle B. For instance, by Proposition 13.21 ideals in B 
correspond to elements in X^{Be) and we have the following simple fact. 

Lemma 6.9. For every I e we have I = P. 

PGPrim^(Se) 

I^P 

Proof. Since I = npEPrim(Be) suffices to note, using Lemma 16.41 that I ^ P implies 
I Pb for every I e X^{Bff) and P e Prim(i?e). □ 

7. Graph algebras 

Throughout this section, we hx a directed graph E = {E^,E^,r,s). Hence E^ and E^ are 
countable sets and r,s : E^ E^ are range and source maps. For graphs and their C*- 
algebras we use the notation and conventions of |44] . Thus P” is the set of inhnite paths and 
P”, n > 0, stands for the set of hnite paths fv = /ii.../x„, satisfying s(/ii) = r(^j+i) for all i, 
where |p| = n is the length of /i. If additionally r(/ii) = s(/u„) we say that is a cycle. The 
cycle n have an entrance if there is an edge e such that r(e) = r{fik) and e ^ for some 
k = l,...,n. We say that E satisfies Condition (L) ii every cycle in E has an entrance. A 
graph is said to satisfy Condition (K) ii for every vertex v e E^, either there are no cycles 
based at v, or there are two distinct cycles a and /x such that v = s ( q ;) = s{fi) and neither a 
nor fi is an initial subpath of the other. 

The G*-algebra C*{E) is generated by a universal Cuntz-Krieger P-family consisting of 
partial isometries {s^ : e e E^} and mutually orthogonal projections {py : v e E^} such that 
SgSe = Ps{e), SeS* ^ Pr^e) ^ud py = Xir(e)='u whenever the sum is hnite (i.e. whenever v is 
a hnite receiver). It follows that 

C*{E) = spanjs^s* : fi,u e E*}, 

where E* = P”, s^ = for h = Pi--Pn ^ E^, n> 0, and Sf, = Pf, for p e E^. 

We extend the maps r and s onto E* in the obvious way. The algebra C*{E) is graded by 
the subspaces 

Bn := spanjs^s* : p, p e E*, |zx| — \p\ = n}, n e Z. 

The only Fell bundle considered in this section will he B = {Bn}nez dehned above. The 
gauge-uniqueness theorem readily implies that C*{E) = C*{B). In particular, graded ideals 
in C*{E) coincide with gauge-invariant ideals in C*{E) and their description is known. We 
now use it to describe the corresponding H-invariant ideals in Bq, cf. Proposition 13.21 

For every v, w e E^ we write v ^ w ii there is a path from w to v. A subset H of E^ is 
hereditary ii v e H and v ^ w imply w e H. A subset H of E^ is saturated if every vertex 
V which satishes 0 < |r“^(n)| < oo and r(e) = v ^ s{e) e H itself belongs to H. Given a 
saturated hereditary subset H ^ E^, dehne 

:= {v E E\H : |r~^(n)| = oo and 0 < |r“^(n) n s~^{E\H)\ < oo}. 

If n e we write 

Pv,H := Yj 

r{e)=v,s(e)fH 
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For any B c we put 

Ih,b ■= spail{s„p^s^, - Pw,h)sI : V e H,w e B,a, e ne N}. 

Clearly, Ih^b is an ideal in Bq (in fact, it is a ;B-invariant ideal). Let us consider the set 
Be ■= {{H, B) : H is saturated and hereditary, B c H^}. 

We equip it with a partial order (actually a lattice) structure by writing 

{H, B) ^ {H', B') A H<^ H' and B H' kj B'. 

The following description follows readily from the analysis in [S]. 

Proposition 7.1. The mapping TLe 3 {H,B) Ih,b ^ is a well-defined order pre¬ 

serving bijection (hence a lattice isomorphism). 

Proof. In view of |5l Theorem 3.6] we see that the mapping under consideration is a bijection. 
Using |5l Corollary 3.10] we get that inclusion Ih,b ^ Ih',b' holds if and only if {H,B) ^ 
{HfB'). ’ ’ □ 

Remark 7.2. It follows that Be is a. lattice and the meet operation is given by the formula 

{H, B) A {H\ B') = {H n H\ {H n B') vj [B n H') vj {B n B')), 

cf. 13 Proposition 3.9]. 

Having the above description of H-invariant ideals in hand, we can show that the conditions 
introduced in the present paper are natural, can be verified in practice, and in general cannot 
be weakened. Let us start with the notion of residual aperiodicity. 

Proposition 7.3. The following statements are equivalent: 

(i) B is aperiodic. 

(ii) B has the intersection property. 

(hi) E satisfies Condition (L). 

If E is finite, i. e. both E^ and E^ are finite, then the above conditions are equivalent to 
(iv) the partial dynamical system {{Dn}nez, {hn}nez) on Bo dual to B is topologically free. 

Proof. By Corollary 14.31 we have (i)^ (ii). Implication (ii)^ (iii) belongs to the folklore in 
the field, see, for instance, the proof of pUl Lemma 2.1]. 

(iii)^ (i). Let b = YjapeE* ^a,gSaS^ be an element of Bn, where n ^ 0, and let H be a 
hereditary C'*-subalgebra of Rq- A moment of thought yields that to show condition flTS]) it 
suffices to consider the case when n > 0, the number of non-zero coefficients e C is finite 
and H is a corner of the form 

= spMi{Sf,r,sln ■.r],izs E*, \r]\ = \n\} 

where p e i?”. In particular, we may further assume that all a’s and ^d’s appearing in the sum 
^ = 2a 0eE* ^a,/3SaSy Start with the path p, that is there is a finite set 

F c {(a, /3) e |J e'^ x : s(a) = s(/3), a = pa', (5 = p^'] 

such that b = 2(a/3)£F ^a,i 3 SaSy. Let (ctOi (do) e F be such that (a, (3) ^ E implies \(3\ ^ |/9o|- If 
the vertex s(ao) = s{(3q) does not lie on a cycle (of length n) then 

= 0 for all {a, (3) e F. 
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Thus ab = 0 with a = e A. If s(q;o) = s(/3o) lies on a cycle, then using the fact that 

this cycle has an entrance one can construct a path rj = r]i....r]\ri\ with \r]\ ^ |/3o| such that 
= Po and 

(27) ^|/3o|-l-l"-h|r)| A + 

Then for all (a, (3) e F we see that is either zero, when a ¥= r]i...r]\a\ or f3 ¥= 

or it is equal to which is also zero by (127|) . Thus aba = 0 with a = Sr^s* e 

If B is finite then we have (iv)<^ (ii) by [2BI Theorem 3.19(1)] modulo |26l Propositions 2.19 
and 3.2] and the fact that the partial dynamical system ({FnjnGZ, {^njnsz) is generated by 
the single partial homeomorphism hi, cf. |27) . □ 

Remark 7.4. By Theorem 13.201 the implication (iv)^ [(i)«»(ii) <^(iii)] in the above propo¬ 
sition is valid for an arbitrary graph F. We suspect that the converse implication is also true 
and the proof would in essence require generalizing Theorem 3.19], however this is beyond 
the scope of the present paper. 

Corollary 7.5. The following statements are equivalent: 

(i) B is residually aperiodie. 

(ii) B has the residual intersection property. 

(hi) E satisfies Condition (K). 

If E is finite, that is both E^ and E^ are finite, then the above conditions are equivalent to 

(iv) the partial dynamical system ({Unlnsz, {hn}nez) dual to B is residually topologically 
free. 

Proof. For any {H,B) e He let Jh,b denote the ideal in C*{E*) generated by Ih,b- By 
Proposition 17.11 every graded ideal in C*{E*) is of this form. By [^l Corollary 3.6] the 
quotient C*{E*)/Jh,b is naturally isomorphic to the graph C'*-algebra C*{{E/H)\j3{B)) of 
a certain graph {E/H)\j3{B), see [5]. Moreover, it is well known, and follows, for instance, 
from the proof of jS] Corollary 3.8], that E satisfies Condition (K) if and only if every graph 
[E/H)\j3{B) satisfies Condition (L). Now the assertion follows from Proposition 17.31 □ 

By Lemma [6171 we have Prime^(i?o) = Prim^(Ro)- We now turn to a description of this set. 
This will allow us, in the presence of condition (K), to deduce from Theorem 16.81 description 
of Prim(C'*(i7)) originally obtained using a different approach in [3 Corollary 4.8]. 

Lemma 7.6. Suppose that Ih,b ^ {H, B) e He, belongs to Prime®(i?o)- Then M : = 

E^\H satisfies: 

(a) If vs E^, w E M, and v ^ w in E, then v e M, 

(b) If V E M and 0 < |r“^(n)| < oo, then there exists e e E^ with r(e) = v and s(e) e M, 

(c) For every v,w e M there exists y e M such that v ^ y and w ^ y. 

Proof. Conditions (a), (b) say that H is hereditary and saturated. In the proof of [U Lemma 
4.1] it was shown that if condition (c) is not satisfied then Ih,b f Prime®(i?o)- Cl 

A non-empty subset M of E^ satisfying conditions (a), (b), (c) of Lemma 17.61 is called a 
maximal tail in E. For any non-empty subset X of E^ we write 

fl(A:) := {w E E\X : ^ n for all n e X}. 

We also put fi(n) := r2({n}). Note that Vt{M) = E^\M for any maximal tail M. Moreover, 
for any v e E^ that receives infinitely many edges, the set r2(n) is hereditary and saturated; 
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actually is a complement of a maximal tail. Any such vertex with the property that 
u e is called a breaking vertex. In other words, u e is a breaking vertex if and only 

if |r“^(u)| = 00 and 0 < |r“^(u) n s“^(Q(u))| < oo. 

Proposition 7.7. The set Prime^(i?o) = Prim^(i?o) consists of ideals associated 

to maximal tails M, and ideals Iq(^v) n{v)^\{v} associated to breaking vertices v. 

Proof. Suppose that Ih,b is in Prime^(i?o)- By Lemma [7.61 we have H = Q(M) where M is 
a maximal tail. Note that the set Q{M)^\B can not contain more than one vertex. Indeed, 
if we had two distinct vertices Vi,V 2 e Tl{M)^\B, then we would get two ;B-invariant ideals 
A := In{M),Bu{vi}, * = 1,2, such that A n Ja c Iq(^m),b and A $ In{M),B for i = 1,2. Suppose 
then that B = n(M)^\{u} for a vertex v e If v is not a breaking vertex then we get 

two ;B-invariant ideals h := and h := such that A n /2 c Iq(^m),b and 

li $ Iq.(m),b for z = 1, 2, a contradiction. Hence v must be a breaking vertex. 

Let us now consider an ideal In{M),B where M is a maximal tail and B = or B = 

r2(M)^\{u} where u is a breaking vertex such that M = r2(u). We need to show that Iq.{m),b 
is H-prime. Suppose that Ihi,Bi, Ih 2 ,B 2 ^ are such that Ihi,Bi ^H 2 ,B 2 — Iq.{m),b- By 

Proposition 17.11 and Remark 17.21 this is equivalent to saying that Hi n H 2 ^ fi(M) = E^\M 
and 

(28) Hi n B 2 '■J Bi H 2 ^ Bi n B 2 ^ Vt{M) u B. 

We claim that either Hi c Q(M) or H 2 c fl[M). Indeed, if we assume on the contrary that 
there is u e LTi n M and w e H 2 r\ M, then taking y e M such that v ^ y and w y we get 
Hi n H 2 r\ M, a contradiction. 

Thus we may assume that Hi c Q[M). If {Hi, Bi) ^ {il{M),B), then Ihx,Bx ^ In{M),B- 
Suppose then that {Hi,Bi) ^ {Tl{M),B), and consider two cases: 

1) . Let B = Tl{M)^. Since Hi c Q(M), {Hi,Bi) ^ {Q{M),B) implies that there is 

V E Bi D M such that |r“^(u) n s~^{M)\ = 0. By properties (a) and (c) in Lemma 17.61 we 
see that M = {w e : w ^ v} (since u is a ‘source’ in M, u is a unique vertex with this 
property). In particular, ii H 2 n M ^ 0 then v e H 2 . However, in view of (|28|) we see that 

V cannot belong neither to H 2 nor to B 2 . Hence H 2 ^ fi(M) and since v f B 2 we must have 
{H 2 ,B 2 ) ^ {n{M),B), that is Ih 2 ,B 2 ^ In{M),B- 

2) . Let B = n(M)^\{u}, where u is a breaking vertex and Pl{M) = i}{v). The last relation 

implies that M = {w e E'^ : w ^ v}. Note that Bi must contain v. Indeed, if u ^ Hi 
then arguing as in case 1) we see that there is a unique v' e Bi n M with the property that 
M = {tv E E^ : w ^ v'}. This leads to a contradiction as u ^ v'. Thus v e Bi. It follows from 
fl28|) that V f H 2 and v f B 2 . Since M = [w e E^ : w ^ v'} and H 2 is hereditary, we conclude 
that H 2 c Q(M). Combining the last inclusion with v f B 2 we get that {H 2 , B 2 ) ^ {Vt{M), B). 
Hence Ih 2 ,B 2 ^ Iq.{m),b- D 

Corollary 7.8. If the eguivalent conditions in Corollary \ 7.5\ hold, then the elements in the 
primitive spectrum Prim(C'*(ii^)) of the graph algebra C*{E) are in a bijective correspondence 
with maximal tails and breaking vertices in the graph E. 

Proof. Combine Proposition 17.71 with Theorem 16.81 □ 

Now, we show that Theorem 15.131 is optimal in the sense that when applied to graph C*- 
algebras our conditions implying pure inhniteness are not only sufficient but also necessary. 
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Theorem 7.9. The C*-algebra C*{E) of a directed graph E is purely infinite if and only if 
the associated Fell bundle B = {-Bnjnsz is residually aperiodic and every non-zero projection 
in is residually strictly B-infinite. 

Proof. The ‘if’ part follows from Theorem I5.13f iil. To show the ‘only if’ part, suppose that 
C*{E) is purely infinite. Every projection in Bq is Murray-von Neumann equivalent to a 
projection of the form Xjq/ 3 sf ^a, 0 SaS'^ where F ^ E* is finite. The latter is in turn a finite 
sum of mutually orthogonal projections each of which is Murray-von Neumann equivalent to 
a projection of the form with p e E*. Thus, by Lemma 15.151 it suffices to show that 
a := Sf^s* is residually strictly ;B-infinite. Let then Ih,b, e FLe, be a ;B-invariant ideal 

in Bq. Suppose that a f Ih,b- Then v := s(p) e E^\H. Since Ih,b is an intersection of 
;B-prime ideals, see Lemma 16.91 we see that E^\H is a sum of maximal tails, cf. Remark 17.21 
Thus V e M for a certain maximal tail M contained in E^\H. By [20l Theorem 2.3], there is 
a path a in M which connects a loop 7 in M to n and 7 has an entrance in M. This implies 
that Sf,aS*a - f Ih,b- Moreover, putting 

^ L ^ ^ 

one readily sees that b e aB^a, ai e aR_|.y|, 02 e aBo and 

s^s* = a*ai -t- 0202, 0*02 = 0*6 = a^b = 0. 

Hence the image of a in the quotient Bq/I^ b is H/J’-infinite where J := {BnlH,B]ne:'L- D 

Remark 7.10. One could conjecture that if C*{E) is purely infinite then every projection in 
Bf, is H-paradoxical (or at least is equivalent to a H-paradoxical one). However, even for finite 
graphs this conjecture is very hard to verify. In particular, the above theorem illustrates the 
practical advantage of residual H-infiniteness over H-paradoxicality. 

8. Crossed products by a semigroup of corner systems 

In this section, we consider systems (H, G'^,q;,L) studied in [32] when H is a unital C*- 
algebra. We will generalize concepts of [32] to non-unital case. Combining them with the 
findings of |3lj we reveal their internal structure and connections with other construction. 
Then we apply the results of the present paper to C'*-algebras associated to {A, a, L). 

8.1. Various pictures of semigroup corner systems. Throughout this subsection, we let 
G"*" be the positive cone of a totally ordered abelian group G with the identity 0, that is we 
have: 

G+n (-G+) = {0}, G = G+u(-G+), 

and we write g^h if g — hs G^, g,h e G. We fix a G*-algebra A. We denote by End(H) 
the set of endomorphisms of A and by Pos(H) the space of positive maps on A. Composition 
of mappings yields a structure of a unital semigroup on End(H) and Pos(H), where the unit 
is the identity map. We always assume that a homomorphism between two semigroups with 
unit preserves the units. We recall that a multiplicative domain of p e Pos(H) is a G*-algebra 
given by 

MD{q) = {a e a : giha) = Q{b)g{a), Q{ab) = Q{a)g{b), for all b e H}, 

cf., for instance, |3I] and references therein. We say that q ■. A A is extendible if it extends 
to a strictly continuous map p : M{A) M{A). 

An Exel system, originally defined in [13], is a triple {A,a,L) where a e End(A) and 
L E Pos(A) are such that L{a{a)b) = aL{b), for all a,b e A. Then L is called a transfer 
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operator for a, and as shown in [311 Proposition 4.2], L is antoniatically extendible. In [311 
Definition 4.19], an Exel system (A, a, L) is called a corner system HE := aoL is a conditional 
expectation onto a hereditary C*-subalgebra a{A) of A. By [511 Lemma 4.20], an Exel system 
{A, a, L) is a corner system if and only if a is extendible and 

(29) a{L{a)) = a(l)aa(l), for all a e A. 

Note that then both maps a and L are extendible and (M(^4), a, L) is again a corner system. 
In unital case, systems (^4, a, L) satisfying (125]) were called complete in [3]. One readily 
sees that an iteration (A, a”, L""), n e N, of an Exel system {A,a,L) is an Exel system, 
and if {A, a, L) is a corner system then (y4, a”, L”) is a corner system (one can check (j29l) 
indnctively). Thus these systems can be treated as semigroup dynamical systems with the 
underlying semigroup N. We will consider systems over the more general semigroup . 
We will use [311 Lemma 4.20] to show that the following three ‘corner systems’ are actually 
different sides of the same ‘coin’. They form a subclass of Exel-Larsen systems introduced in 
[35| . and they may be viewed as generalizations to the non-unital case of (hnely representable) 
C'*-dynamical systems considered in [32] . 

Recall that a C'*-subalgebra R of a C'*-algebra A is a corner in A if there is a projection 
p E M{A) such that B = pAp. In particular, an ideal / in a C*-algebra is a corner in A if and 
only if it is complemented in A, that is if A is a direct sum of / and /■*■. 

Definition 8.1. Consider two semigroup homomorphisms a : G'^ End(A) and L : G^ 
Pos(v4). We say that: 

(i) {A,G~'',a, L) is a semigroup corner (Exel) system if for each t e [A,at,Lt) is a 
corner system. 

(ii) a is a semigroup of corner endomorphisms if each at, t e G~^, has a corner range 
and a complemented kernel (note that then at is necessarily extendible and at{A) = 
^(l)A^(l)). 

(hi) L is a semigroup of corner retractions if for every t e G'^, Lt{A) is a complemented 
ideal in A and the annihilator {fmi Lt\MD{Lt))^ of fho kernel of Lt : MD[Lt) Lt{A) 
is mapped by Lt onto Lt{A). 

Remark 8.2. Suppose that {A,G'^,a, L) is a semigroup corner system. Clearly t ^at and 
t ^ Lt define semigroup homomorphisms a : G^ —> End(M(A)) and L : G^ Pos(M(A)). 
Thus {M[A),G^,a, L) is a semigroup corner system. In particular, [A,G^,a, L) is a C*- 
dynamical system in the sense of [35] and {M{A), G^ ,a, L) is a dynamical system in the sense 
of |3^. Note also, cf. [321 2.2], that 

(30) {«t(l)}tsG+ — M{A) and {Lt{l)}teG+ — Z{M{A)) 
are non-increasing families of projections (the latter are central). 

Proposition 8.3. Let a : G^ End(v4) and L : G^ Pos(74) he two maps. The following 
statements are equivalent: 

(i) {A,G'^ ,a, L) is a semigroup corner system; 

(ii) a is a semigroup of corner endomorphisms, and for every t e G'^ 

(31) Lt{a) = af^{at{l)aat{l)), a e A, 

where af^ is the inverse to the isomorphism at : (keroi)-*- —> cp(l)v4aj'(l); 

(iii) L is semigroup of corner retractions, and for every t e G^ 

(32) tt|Lt(A)-L = 0 and at{a) = Lf^{a), for a e L{A), 
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where ^ is the inverse to the isomorphism : (kei Lt\MD(Lt))^ ^ Lt[A). 

In particular, if the above equivalent conditions hold, then a and L determine each other 
uniquely, and 

(33) at{A) = ^(l)A^(l) = {kei Lt\MD{Lt))^, Lt{A) = Lt{l)A = (kerui)-^, 
for each t e G~''. 

Proof. By Lemma 4.20], for each t e the following statements are equivalent: 

• {A, at, Lt) is a corner system; 

• at has a corner range, complemented kernel and Lt is given by (I3ip : 

• Lt{A) is a complemented ideal in A, Lt{{kei Lt\MD{Lt))^) = Lt{A) and at is given by 

dal; 

and if these conditions are satished then fl33|) holds. Thus item (i) implies (ii) and (iii). To 
show (ii)^ (i), we need to check that Lfs given by (l3T|) satisfy the semigroup law. To this end, 
note that {at}teG+ form a semigroup of endomorphisms of M{A), and in particular {at{l)}teG+ 
is a non-increasing family of projections, cf. |321 Page 405]. Thus for any t,s e G'^ and a e A 
we have 

Ls{Lt{a)) = af^ (as{l)Lt{a)as{l)) = af^ (Lt(at(as(l))aat(as(l)))) 

= af^ (Q;i"^(a^+t(l)aa^+t(l))) = afl^{as+t{l)aas+t{l)) 

Lt+si.^ • 

Similarly, to show (iii)^ (i) we need to check that afs given by (j32|) satisfy the semigroup 
law. To this end, note that Lt{l) is a central projection in M{A) such that Lt{l)A = Lt{A). 
In particular, at is given by the formula 

ati^a^ = L^ (^ 4 ( 1 ) 0 ), a g A. 

Moreover, since Ls-i-t(^) = Lt{.Ls{A)) c Lt{A) we conclude that the family {Lt{l)]teG+ is 
non-increasing. Now, using (|29|) . for any t,s e G^ and a e v4 we get 

o^t{Ls+t{I)) = Oit{Lt{Ls{l))) = at{l)Ls{l)at{\.) = at{l)Ls(l). 

Hence 

a,(a,(a)) = Lj'(L,(l)a,(a)) - Lp{L,{i)a,(i)a,(a)) = Lp(a,{L„.,(l))a,{a)) 

- U'(5.(L«(l)a)) = i;‘(ir‘(L«(l)a)) - L;i(L.+,(l)a) 

Us_|_^(ci). 

□ 

We also reveal a connection between semigroup corner systems {A, G”*", a, L) and the concept 
of an interaction group introduced in [15]. We emphasize that Exel in [15| considered arbitrary 
discrete groups but he assumed that the algebra A and the maps involved in an interaction are 
unital. Since the latter requirements applied to {A,G'^ ,a,L) would force a and L to act by 
automorphisms, we consider a version of [T5l Definition 3.1] where we drop the assumptions 
on units. We formulate it using our abelian group G. 

Definition 8.4 (cf. Definition 3.1 of [U]). An interaction group is a triple (A, G, V) where 
V : G —> Pos(A) is a partial representation, that is, Vq = id, and 

(34) VgVtfV^H = V_ 3 V,V, = V^gVg + h, 


g,h E G] 
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and for each g ^ G the pair (Vg, V_g) is an interaction in the sense of |14] . that is in view of 
(j34l) it suffices to require that 


Vg(A) C MD(V_g), and V^g{A) ^ MD{Vg), 


cf. [211 Remark 3.15]. 

Proposition 8.5. Suppose that {A,G^,a, L) is a semigroup corner system. Then putting 



(35) 


we get an interaction group V. 

Proof. It is tempting to apply Proposition 13.4 from ng. However, its proof relies in an 
essential way on the the assumption that the maps preserve units, which we dropped in our 
setting. Thus we need to prove it ad hoc. In particular, by [2X1 Proposition 4.13] we know 
that for each g ^ G, (Vg, V_g) is an interaction. Hence it suffices to check fl34p . To this end, 
note that for t e G'*' and a e A we have 


(VtV_t)(a) = atil)aatil), (V-iVt)(a) = Lt{l)a. 


We recall that the families of projections (l30|) are non-increasing. We proceed with a case by 
case proof: 

1) If 5 ^, /i ^ 0 or /i ^ 0 then relations (l3X|) hold by semigroup laws for a and L. 

2 ) li g ^ 0 ^ h and h ^ —g, then 


{ VgVhV - h ){ a ) = L _ g { ah { l ) aah { l )) = L _ g { a ) = L _ g _ h { Lh { a )) = { Vg ^ hVh ){ ct )^ 

V/^,) (ft) Of_^(l)Q^/j(ft)o;_p(l) Q;/j,(Q^_p_/^(l)ftd_^_/j,(l)) 

= ah{<y-g-h{L-g-h{a))) = a-g{L.-g-h{a)) = {y-.gVg+h){(^)- 

3) If g ^ 0 ^ h and h ^ —g^ then 

(V—p V/i) (ft) fa_^(l)(a/2,(ft)(a_^(l) Q;/^(ft) (a_p,(o!p--|_/),(ft)) (V_^V^+/2,)(ft). 

4) If ^ 0 ^ S' and g ^ —h, then 

(hp'h^/i'^—/i) (^) /i(l)^) ^gi.^') (^—/i (^)) (^p+Zi^/i) (^); 

{V-gVgVh){a) = Lg{l)L_h{a) = L_/,(a_h(L^(l))ft) = L_/,(a_/,(L_/,(L^+/,(l)))ft) 


/i(*^—/i(l)-^5+/i(l)*^—/i(l)^) /i(-^5i+h(l)^) 

h (-^p+h (*^5i+/i (^) ) ) -^5 (^5'+/i (^) ) (^—5^5+^) (^) * 


5) If h ^ 0 ^ g and g ^ —/z, then 

(V^V/iV_/t)(ft) = ag{L^h{l)a) = ag{Lg[L-g-fi{l))ag{a) 


5—/i, (^—/i. (^) ) C^5'+/ih^/i) (^) ; 


(V.,V,V,Ma) = L,(l)L.,.(a) = L.,.(a) = L,(L.,.,.(a)) - (V.,V,H.J(a). 


□ 
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8.2. Fell bundles and C'*-algebras associated to semigroup corner systems. Let 

(A, , a, L) be a semigroup corner system. The authors of j32] (who considered the case with 

A unital) associated to (A, ^ a, L) a Banach *-algebra t^{G^ , a, A) and then constructed a 

faithful representation of i^{G~'~, a, A) on a Hilbert space. This regular representation induces 
a pre-C'*-norm on , a, A). Completion of £^{G^,a, A) in this norm yields the crossed 

product H Xq.G'’", see |3^ Subsection 6.5]. In this subsection we generalize this construction to 
non-unital case, by making explicit the Fell bundle structure underlying the *-Banach algebra 
e\G+,a,A). 

We associate to {A, G'^, a, L) a Fell bundle B = {Bg}gsG defined as follows. For any t e G^, 
we denote by 5t and abstract markers and consider Banach spaces 


(36) Bt := {a6t : a e Aat{l)}, B_t ■= {oA-t : a e at{l)A] 

naturally isomorphic to Hat(l) and at{l)A, respectively. We define the ‘star’ and the ‘multi¬ 
plication’ operations by the formulas: 


(37) 


{aSgY := a*6-g, 


(38) 


Cl(y.g(^b^6gJ^h 

g,h^0, 


L — g(^(lb) 6g^fi^ 

g <0, h^O, 

g + h-^ 


g <0, h^O, 

g + h< 

QjOigJ^h(,b)5gJ^fl^ 

h < 0, g^O, 

g + h-^ 

^—g—h (^) bSgj^fi^ 

h < 0, g^O, 

g + h< 

^h(,^)bSgJ^fl 

g,h<0. 



To understand where these relation come from, see Remark l8. 1 II below. The well-definiteness 
of (l37j) is clear, and with a little more effort, cf. the first part of proof of |3^ Proposition 4.2], 
it can also be seen for fl38|) . 


Proposition 8.6. The family B = {Bg}gsG of Banach spaces fl36l) with operations (j371) . (j38l) 
forms a Fell bundle. 


Proof. The only not obvious axioms of a Fell bundle that we need to check, see, for instance 
m Definition 16.1], are: 

(39) {adg ■ b6h)* = (bSh)* ■ (adg)*, aSg ■ {bSh ■ c5f) = {aSg ■ bSh) ■ cSf, 

for all a6g e Bg, b6h e B^, cSj e Bf, g,h, f e G'^. The first relation in (1391) follows from the 
first part of the proof of |32l Theorem 4.3], but can also be inferred directly from fl38l) . The 
second relation in fl39l) was checked in the second part of the proof of |3^ Theorem 4.3] in the 
case when g + h + f ^ 0. The case g + h + f ^ 0 can be covered by passing to adjoints. □ 

Definition 8.7. We call B = {RgjggG constructed above the Fell bundle associated to the 
corner system (H, G~^, a, L). We define the crossed product for [A, G~'~, a, L) to be 

G+ ■.= G*{B), 

the cross sectional C'*-algebra of B. We will identify A with Bo ^ A ^ G+. 

The crossed product A can be viewed as a crossed product for the semigroup a, for 

the semigroup L, or as a crossed product for the group interaction V given by (1351) . To show 
this we use the following lemma, which is of its own interest. It is related to the problem of 
extension of a representation of a semigroup to a partial representation of a group, studied 
for instance in [T^, cf. [TBl Definition 31.19]. 
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Lemma 8 . 8 . Any semigroup homomorphism U : B to a multiplicative subsemigroup of 

a C*-algebra B consisting of partial isometries extends to a *-partial representation V : G ^ B 
ofG. 

Proof. Assume that U : G^ —> S is a semigroup homomorphism attaining values in partial 
isometries. We only need to show, cf. [I6l 9.2], that putting Vt := Ut and V-t := 17*, for 
t E G^, we have 

VgVhV.h = Vg+hV.h, g,hEG. 

Since the product of two partial isometries is a partial isometry if and only if the correspond¬ 
ing initial and final projections commute, see HH Proposition 12.8], we conclude that the 
projections UtUf, UfUg commute for all e G'*'. We have the following cases: 

1) If g, h ^ 0 or g, h ^ 0 then VgVhV-h = Vg+hV-h holds because 17 is a semigroup homo¬ 
morphism when restricted to G^ or to —G^. 

2) If < 0 ^ h and h < —g, then 

v,v„v.„ - 

3) If (7 < 0 ^ h and h ^ —g, then 

4) If h ^ 0 ^ (7 and g ^ —h, then 

VgVnV.h = UgU\U_n = Ug+hU-hU\U_h = Ug+nU-h = Vg+nV-h. 

5) If h < 0 ^ 77 and g < —h, then 

= u,uiVJ-h - u,(u;u%_^){u.„.i,u,) = (u,u;){u%_,u.,.h)u,) 

□ 

Proposition 8.9. Suppose {A,G^, a, L) is a corner system. Let tt \ A ^ B{H) be a non¬ 
degenerate representation and let U : G"*" ^ B{H) be a mapping. The following statements 
are equivalent: 

(i) U is a semigroup homomorphism, and 

Ut7i{a)Uf = Tr{at{a)), Uf7r{a)Ut = 7i{Lt{a)), for all a e A, t e G"*". 

(ii) U is a semigroup homomorphism, and 

Utn{a)Uf = n{at{a)), 7r((ker o;*)-*-) c UfUt7r{A), for all a e A, t e G^. 

(hi) U is a semigroup homomorphism, and 

Ufn{a)Ut = 7r{Lt{a)), 7r((ker Lt|MD(Lt))^) ^ Ut7r{A)Uf, for all a e A, t e G+. 

(iv) U extends to a *-partial representation V \ G ^ B{H) of G such that 
17 j 7 r(a) 17 ;-i = 7r(Vc,(a)), for all a e A, g e G, 
where V is the group interaction given by fl35|) . 


PURE INFINITENESS AND IDEAL STRUCTURE OF CROSS-SECTIONAL C*-ALGEBRAS 


37 


Proof. (i)<^(ii). This follows from |291 Proposition 4.2], 

(i)^(iii). This is clear because (ker Lt\MD{Lt))'^ = see (j33l) . 

(iii) ^(i). Let a e A and t e Denote by vf : M{A) B{H) the unique extension of 
TT to a representation of M{A). Note that 7f{Lt{l)) = UfUt, so in particular Ut is a partial 
isometry. Thus in view of fl32D and (l33|) we get 

n{at{a)) = UtUfTT{atia))UtU: = 7r(Lt(ai(a))) = Ut7T(mi)a)Uf 

= Utn(Lt{l))7r{a)U: = Ut7T{a)Uf. 

(i)^(iv). This follows from Lemma 18781 since = UfUt is a projection and hence Ut 

is a partial isometry, for every t e . 

(iv) ^(i). For t e , Ut is a partial isometry and we necessarily have V-t = Uf. Moreover, 
7f(Lt(f)) = UfUt and hence {UfUt}teG+ forms a non-decreasing family of projections. Using 
this, for any t,s e we get 

UtUs = UtUsU:Us = Ut+sUfUs = Ut+s. 

This proves the equivalence of conditions (i)-(iv). 

□ 

Theorem 8.10. For any corner system {A,G''', a, L) there is a semigroup homomorphism 
u : G^ M{A 'Xia,L G’*’) taking values in partial isometries such that we have 

(40) Utau* = at (a), u*aut = Lt{a), a e A, t e G”*", 
and the elements of the form 

a = ^ u*a-t + Oq + ^ citUt, F c G^\{0}, |F| < oo, 

teF xeF 

where at e Aat(l), a_t e at{l)A, form a dense *-subalgebra of A xia,L G'^ ■ 

The crossed product A x a,L G~^ is a universal G*-algebra for pairs (tt, U) satisfying the equiv¬ 
alent conditions (i)-(iv) in Pro'position \8.!A in the sense that for any such pair the assignments 

(41) (tt X U){atUt) i—> F{at)Ut, (tt x U){u*a_t) '—f/*7r(a_t), t e G+, 

extend to a non-degenerate representation vr x U of A x a ,l G^ and every non-degenerate 
representation of A x ^ i G”*" arises this way. 

Proof. Recall that we identify Bq = A6q with A. In particular, A is a non-degenerate G*- 
subalgebra of A x^^l G^, that is A{A x^^l G^) = A x^^l G^. Moreover, if we let t e G^ and 
{Pa} be an approximate unit in A, then using (l38|) we get 

lim/iA(5ta(5o = ii\at{a)5t = at{a)6t and lim{pxdt)*a6o = ^{l)pxaS_t = c^{l)a6_f 

A A 

Therefore, we conclude that limxixxSt converges strictly to an element of M{A x^ i G'^). Let 
us denote it by Ut, and note that we have Utod^ = at{a)6t and u*a6o = at{l)a5-t. For any 
t,s E G^ we have 

UtUs{a6o) = Utas{a)Ss = \im ij.xdtas{a)Ss = \im ij.xat{as{a))6t+s 

A A 

o^t+s(^o,^dt-^-s Ut-^-s(^o,6^f). 

It follows that G"^ 9 t GPy Ut e M[A x^ ^ G”*") is a semigroup homomorphism. We have 
utodou* = at{a)do, uladoUt = Lt{a)do, a e A, t e G^, 
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which follows from the following calculations, where b e A is arbitrary: 

Ut{a6o)u*{b6o) = at{a)6t • at(f)M_t = at{a)at{l)b6o = at{a)6o ■ bSo, 

u*{a6o)ut{b5o) = at{l)a6_t ■ Oit{b)5t = Lt{at{^)aat{b))5o = Lt{a)b6o = Lt{a)6o ■ Mq- 
This proves the first part of the assertion, because we clearly have atbt = atUt and = 

u*_^a_t for any atbt e -Bj, ^ B_t, t e G+. 

Assume now that the pair (tt, U) satisfies equivalent conditions (i)-(iv). In view of Definition 
18.71 to see that the maps in flTT]) extend to a representation of A >ia,L it suffices to check 
that 

(tt X U){a5gY = (tt X f/)((ahg)*), (tt x U)[a6g ■ bdh) = (tt x f/)(ahg)(7r x 17)(a4), 

for all a5g e Bg and b6h e Bh, g,h e G. The first of the above relations is clear and the second 
one is shown in the proof of |321 Proposition 5.3]. 

\i a \ A a,L G^ B{H) is an arbitrary non-degenerate representation it extends uniquely 

to a representation a : M{A yia,L ^ B{H). Clearly, putting 

7r(a) := a(a5o)) a e A, Ut'.= a{ut), t e , 

we get a pair (vr, U) satisfying equivalent conditions (i)-(iv) and such that a = n x U. □ 

Remark 8.11. Theorem 18.101 allow us to assume the following ‘dictionary’ determining the 
structure of A xia,L G^: we have 

aat(l)(5t = aut, (at(l)a)(5_i = u*a, t e G~^, a e A, 

and then multiplication of these spanning elements is determined by relations fHOl) . In partic¬ 
ular, these relations imply the following commutation relations; 

aul = u*at{a), Uta = at{a)ut, a e A, t e G^. 

Note also that the above description makes explicit the fact that the G'^-algebra A 'xia,L G~'' 
coincides with the crossed product studied in [32] when A is untial, see [3^ Theorem 5.4]. 

Corollary 8.12. Let {A,G^,a, L) be a corner system. The crossed product A xia,L G~^ is 
naturally isomorphic to Exel-Larsen crossed product introduced in [3^ Definition 2.2]. 

Proof. By [35l Proposition 4.3], we may identify Exel-Larsen crossed product for (A, G'^, a, L) 
with the quotient C^-algebra Tx/Tk where Tx is the Toeplitz algebra of a product system 
X = Xt naturally associated to (A, a, L), see |35l Proposition 3.1], and Xk is an 

ideal in Tx generated by differences 

ix{ci) — i^x j for a E Kt '.= Aat{A)A n (ff^(X(Xt)) and t e G^, 

where ix ■ X 7x is a universal representation of X in Tx-, i^x ■ Tx is the 

associated homomorphism, and : A —> B{Xt) is the left action of A on X^, t e G"*". For more 
details see |25]. As shown in [331 Proposition 4.3], there exists a semigroup homomorphism 
iG+ ■ G'^ M{Tx) such that putting i^ '.= ix\xo = *xU that 

73^ = G*( y ZA(A)zG+(f)), and ZG+(t)’'u(a)fG+(^) = u(Gt(a)), a e A, t e G+. 

teG+ 

Moreover, the latter picture of Tx is universal (note that the author of [35] considers also 
additional relations iQ+{t)iA{ci) = ZA(at(a))zG+(t), a e A, t e G'^, but by [ST] Proposition 4.3] 
they are automatic). In particular, the assignments 

^ Hilt) 


a £ A, t £ G”^ 
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determine a well-defined surjective homomorphism $ : 7x —> v4 Xa,L . In the proof of |311 
Theorem 4.22] it is shown that, under our assumptions, we have Aat{A)A c 
Hence Kt = Aat{A)A. Another argument in the proof of Theorem 4.22], cf. also |311 
Lemma 3.12], shows that 

{(t)t{at{a))) = ^G+(f)u(«)^G+(^)^ a e A, t e 6*+. 

This allows us to conclude that Xk is generated by the differences 

z^(at(a)) — iG+ {t)iA{cL)ic+ (t)*, for a e A and t e G~^. 

Accordingly, X^ ^ ker<h and $ factors through to a surjective homomorphism 4/ : Tx/Xk 
^ ^a,L G^. By the universality of A G+, 4/ admits an inverse. Hence Tx/Xk = A x^^. 
G+. ’ ’ □ 

8.3. Partial dynamical systems dual to semigroup corner systems. Let (A,G+,q;, L) 
be a semigroup corner system. For each t e G"^, Lt{A) is an ideal in A and at{A) is a 
hereditary subalgebra of A. Thus we may treat Lt{A) and at{A) as open subsets of A. Then 
the mutually inverse isomorphisms at : Lt{A) —> at{A) and Lt : a;t(A) ^ Lt{A) give rise to 
partial homeomorphisms of A: 

«i(M) := [Toot], Lt{[Ti]) := [ttoL*], 

cf. [2^ Section 4.5] for a detailed description of these maps. Using the group interaction fl3^ 
we can express it in a more symmetric way. Namely, we have homeomorphisms 

Vg : Vg(A) ^ V_g(A) whoro Vg(H) = [tt o VJ, g^G, 

and we assume the identihcation Vg{A) = {[tt] e A : 7r(Vg(A)) ^ 0}. 

Lemma 8.13. The family {{Vg{A)}gf:G, {Vg}geG) is a partial action on A which coincides 
with the opposite to the partial action dual to the Fell bundle B = {Bg]g^G associated to 
{A,G+,a,L). 

In particular, {{Vg{A)}geG, {Vg}geG) is a lift of a partial action ({Prim(Vg(A))}ggG, {^g}geG) 
on Prim(A) given by 

Vg{P) = AV^g{P)A, geG; 

in other words, V-t{P) = Aat{P)A and Vt{P) = Lt{P), for t e G+. 

Proof. For any t e G'*", we have AQ!t(A)A = Aat(l)A = Bf ■ B_t = Dt and Lt{A) = 

Lt{atil)Aat{l)) = B^t • Bt = D^f Thus, with our identifications, we have Lt{A) = D.-t 
and 

at{A) = {[tt] e A : 7r(at(A)) A 0} = {[tt] e A : 7r{Aat{A)A) A 0} = A. 

Let now tt : A —> B{H) be an irreducible representation such that n{at{A)) A 0. Then 
St([7r]) is the equivalence class of the representation n o at : A ^ B{n{at{A))H). For any 
e B_t = at{I)A6_t, hi s H, i = 1, ..., n, we have 

II did—t (S^TT hi\\ [| 7r(cij Uj)II 7r(uj)/ij II . 

i i,j i 
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Since 7r{at{A))H = 7i{at{l)A)H, we see that a6-t h ^ 7T{a)h yields a unitary operator 
U : B-t ( 8 ) 7 r H 'K{at{A))H. Furthermore, for a e A, b e at{A) and he H we have 

-Ind^*_^( tt)( a) {h5-t®-K h) = (at(a)b) (g)^ h 

= {at{a)b6_t) ®-nh= (u*{n o at){a)^n{b)h. 

Hence U intertwines -B_t-Ind^^^ and tt o at- Accordingly, h^t = and = L^. This 

proves the hrst part of the assertion. To show the second part, we use the ‘dictionary’ from 
Remark 18.111 Then it is immediate that the corresponding Rieffel homeoniorphisms. cf. (na, 
are given by 

ht{I) = {Aut)I{utA) = Aat{I)A, 

= {utA)I{Aut) = Lt{I) = ALt{I)A, 

for any / e X(A) and t e □ 

Definition 8.14. We call ({Vg(A)}ggG, {Vgl^sc) and ({Prim(Vg(A))}gsG, {Vglgsc) described 
above partial dynamical systems dual to the interaction V. 

Before we state the main result of this subsection we need a lemma and a dehnition. 

Lemma 8.15. If I e 1(A), then the following conditions are equivalent: 

(i) at{I) = ai(l)/at(l) for every t e G+, 

(ii) Lt{I) = Lt{l)I for every t e G+, 

(hi) Vg{I) c I for every g ^ G, where V is the group interaction 
(iv) I is invariant under the partial action {{Vg{A)}gsG, {^g}geG)- 
In particular, if the above equivalent conditions hold, then we have a quotient semigroup corner 
system (A/1,G^, L^) where a{(a) = a + I and Ll(a) = a + I, and its associated group 
interaction is given by Vg{a) = a + I, for a e A, t e G''', g ^ G. 

Proof. The equivalence of conditions (i)-(iv) follows from Lemma 2.22], which was proved 
for unital A but the proof carries over to the general case. The second part of the assertion is 
now clear. □ 

Definition 8.16. If / e T(A) satishes the equivalent conditions (i)-(iv) in Lemma 18.151 we 
call I an invariant ideal for (A, G^, a, L). 

Theorem 8.17. Let (A, G'^, a, L) be a semigroup corner system, {Vg}geG its associated group 

interaction, and V = {{Vg{A)}geG, {'^g}geG) and V = ({Prim(Vg(A))}gsG, {Vglgsc) the dual 
partial actions. Then 

(i) IfV is topologically free, then every pair (tt, U) satisfying equivalent conditions (i)-(iv) 
in Proposition \8.fA such that tt is faithful gives rise to a faithful representation tt x [/ 
of A G+. 

(ii) IfV is residually topologically free, then the map J ^ J n A is a homeomorphism from 
X{A yia,LG^) onto the subspace ofX{A) consisting of invariant ideals for [A, G^, a, L). 

(hi) IfV is residually topologically free, A is separable and G^ is countable then we have a 
homeomorphism 

Prim(A >ia,L G^) = 0(PrimA), 
where (P(PrimA) is the quasi-orbit space associated to V. 








PURE INFINITENESS AND IDEAL STRUCTURE OF CROSS-SECTIONAL C*-ALGEBRAS 


41 


Proof. Since G is amenable we have A xia^L G'^' = G*{B) = Gf{B) for the associated Fell 
bundle. 

(i) By Lemma [8.131 and Theorem 13.201 A xia,L G~^ = Cf{B) has the intersection property. 
Since ker(7r x U) n A = keryr = {0}, we conclude that ker(7r x U) = {0}. 

(ii) Apply Lemma [8.131 and Corollary 13.231 
(hi) Apply Lemma 18.131 and Theorem 16.81 

□ 


8.4. Purely infinite crossed products for semigroup corner systems. We fix a semi¬ 
group corner system {A,G^,a,L). Let B = {Bg]g(zG be its associated Fell bundle, and 
V = {Vg}geG be its associated group interaction. 


Lemma 8.18. The following conditions are equivalent 

(i) B = {Bg}gsG is aperiodic, 

(ii) for each t e each a e A and every hereditary subalgebra D of A 

inf{II (iaQ!i((i) II : d e D, d ^ 0, ||(i|| = 1} = 0. 

(hi) for each t e each a e A and every hereditary subalgebra D of A 

mf{\\dLt{{da)*da)d\\ d e D, d ^ 0, ||(i|| = 1} = 0. 

(iv) for each g e G\{0}, each aE A and every hereditary subalgebra D of A 
inf{||dVg(((ia)*(ia)(i|| ■. d e D, d ^ 0, ||(i|| = 1} = 0. 

Proof. Let t e and a,d e A where d ^ 0. Since ||d(aai(l)hi)d|| = \\daat{d)6t\\ 

||daat(d)|| and ||d(at(l)ah_t)d|| = \\at{d)da6-t\\ = \\da*at{d)\\ we see that (i)<?»(ii). Since 

\\daat{d)\f = ||at(d)a*(idaat(d)|| = \\Lt{at{d){da)*daat{d))\\ = \\dLt{{day da)d\\ 
we get (ii)<^(iii). The implication (iv)^(iii) is clear. Moreover, ((ii)4»(iii)) ^(iv) because 

||da;t((da)*da)d|| = ||dQ;t(a*)at((i)p. 


□ 


Definition 8.19. We say that a semigroup corner system (A, G’*’, a, L) is aperiodic if the 
equivalent conditions in Lemma [8. 181 are satisfied. We say {A, G^, a, L) is residually aperiodic 
if the quotient system (A//, G^, U) is aperiodic for every invariant ideal I for (A, G^, a, L). 

Now, we formulate notions of residually infinitess and paradoxicality for corner systems. 

Definition 8.20. Let a e A+\{0}. We say that a is infinite for (A, G^,a,L) if there is 
b E A+\{0} such that for any e > 0 there are elements ti, ...,tn+m ^ G'^, and a+k e aA, 
A; = 1, 2,..., n -1- m such that 

n n+m 

(42) a^ej]^ikia-ka-k) + Lt^alak), b at^af^a.k) + Lt^alak), 

k=l k=n-\-l 


(43) Hawaii < - ^ - — for all I, k = ±1,..., ±{n + m), k ^ 1. 

maxjn^, ra^\ 

If the above conditions hold for b equal to a then we say that a is paradoxical for (A, a, L). 
We say that a is residually infinite for (A, G”^, a, L) if for every invariant ideal I for (A, G^, a, L) 
either a e I or the image of a in A/I is infinite for {A/I, G^, , U). 
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Proposition 8.21. If a e A+\{0} is residually infinite (resp. paradoxical) for (A, G^,a,L) 
then it is residually infinite (resp. paradoxical) for the associated Fell bundle. 


Proof. Suppose that a e A+\{0} is infinite for {A, a, L). Let e > 0 and choose ti, tn+m ^ 
, and a+k e a A, k = 1,2,...,n + m as in Definition 18.201 but for e:/4. We use the ‘dictionary’ 
from Remark 18. 11 1 and put 


bk . bn+k ■ ^ 

bn+k ■ ^k'^tfsi bn+m+k ■ ^ 14 + 1 , ..., TTl. 

Clearly, fej e aBs^, for i = l,...,2(n + m), where Sj := ti, Sn+i ■= —U for i = and 

Sn+i '■= ti, Sn+m+i ’■= ”L ioY i = u + l,...,m. Let i,j = 1, ..., 2(n + m). Assume that i A j. 
Then bi = akUt,. or aku)_^ and bj = aiUt^ or bj = aiu)_^. In any case k A I, and thus by (IT3l) 
we get 


\b*bA\ ^ 


hk^il 


< 


max{(2n)2, (2m)^} 


On the other hand, we have 


2n n n n 

= Y(^kUt,)*akUt^ + Yi(^-kutya_kul = Y + Lt^alak), 

k=l k^l k^l 


and similarly ^^^( 271+1 = SLn+i + Ltyalok). Thus using we get 


2n 2m 

a^,Y,Kh, b^, Y, b-b,. 

i=l i^2n+l 

Hence a is infinite for B = {Bg}gsG- 

Replacing, in the above argument, b with a one obtains that if a is paradoxical for (A, , a, L) 

then it paradoxical for B. Using the fact that invariant ideals for (A, G^, a, L) and H-invariant 
ideals coincide, see Lemma [8.131 one gets that if a is residually infinite for (A, G”*", a, L) then 
a is residually H-infinite. □ 


Now we are ready to state the conditions implying pure infiniteness of A yia,L G^. 


Theorem 8.22. Suppose that (A, G’*’, a, L) is a residually aperiodic semigroup corner system 
and one of the following two conditions holds 

(i) A contains finitely many invariant ideals for (A, G”*", a, L) and every element in A''‘\{0} 
is Cuntz eguivalent to a residually infinite element for (A, G’^,a,L), 

(ii) A has the ideal property and every element in A''‘\{0} is Cuntz eguivalent to a residually 
infinite element for (A, G'*', a, L), 

(hi) A is of real rank zero and every non-zero projection in A is Cuntz eguivalent to a 
residually infinite element for (A, G^, a, L). 

Then A x ct,L G”*" has the ideal property and is purely infinite. 


Proof. Apply Proposition 18.211 and Theorem 15.131 


□ 


Remark 8.23. The main result of [39] is a criterion of pure infiniteness of Stacey’s crossed 
product A Xq N of a unital separable G*-algebra A of real rank zero by an injective endo¬ 
morphism a : A ^ A. This result can be deduced from Theorem 18.221 Indeed, the authors 
of [3S] used the fact that A x„ N is Morita equivalent to the crossed product R x^ Z by 
an automorphism ft : B ^ B, where R is a separable G*-algebra of real rank zero. They 
assumed that ft satisfies the residual Rokhlin* property, cf. [151 Definition 2.1] and a (and 
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therefore also j3) residually contracts projections, cf. [39l Definition 3.2], By |l8l Corol¬ 
lary 2.22] and |38] Theorem 10.4], the former property is equivalent to residual aperiodic- 
ity of (5, N, The latter property readily implies that every projection 

in B is residually inhnite for (5, N, {/3“”}„gi^). Hence Theorem I8.22f iiij applies to 

{B, N, {P~^}nm)- 
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